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Partial Differential Equations 
A partial differential equation is an equation in which ݔ and ݕ represent the independent 

variables and ݖ the dependent variable so that ݖ =  .(ݕ,ݔ)݂

We also use the notations డ
డ௫

= , డ
డ௬

= ,ݍ డమ
డ௫మ

= ,ݎ డమ
డ௫డ௬

= ,ݏ డమ
డ௬మ

=  .ݐ

Order of a Partial Differential Equation 
The order of a partial differential equation is the order of the highest partial derivative occurring 

in the equation and its degree is the degree of their derivative. 

For example, (1)  ݔ డ௭
డ௫

+ ݕ డ௭
డ௬

=  ݖ݊

Here, z is dependent and ݔ,  .are independent and this equation is of order one and degree one ݕ

  (2)  డ
మ௩

డ௫మ
+  డ

మ
డమ௬

+ డమ௩
డ௭మ

= 0 

Here, ݒ is dependent and ݔ, ,ݕ  are independent and this equation is of order two and degree ݖ
one. 

Partial differential equations will play an important role in the study of wave equation, heat 
equation, electromagnetism, radar, ratio, television and other fields. 

Formation of Partial Differential Equation 
Partial differential equation can be obtained by:  

 (i) Elimination of arbitrary constants 
 (ii) Elimination of arbitrary functions involving two or more variables. 

(i) Elimination of Arbitrary Constants 
Let ݂(ݕ,ݔ, ,ܽ,ݖ ܾ) = 0 …(1) 
be an equation involving two arbitrary constants ′ܽ′ and ′ܾ′. Differentiating this equation partially 
with respect to ݔ and ݕ, we get 

  డ
డ௫

+ డ
డ௭
ቀడ௭
డ௫
ቁ = 0  …(2) 
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  డ
డ௬

+ డ
డ௭
ቀడ௭
డ௬
ቁ = 0  …(3) 

By eliminating ܽ,ܾ from equation (1), (2) and (3), we get an equation of the form 
,ݕ,ݔ)݂   (ݍ,,ݖ = 0  …(4) 

which is a partial differential equation of first order. 

Example Problems 
Example 1: By eliminating the constant, obtain the partial differential equation from the relation    

ݖ2 = ௫మ

మ
+ ௬మ

మ
. 

Solution: Given  2ݖ = ௫మ

మ
+ ௬మ

మ
 …(1) 

  Differentiating equation (1) with respect to ݔ, 

  2 డ௭
డ௫

= ଶ௫
మ

 

  డ௭
డ௫

= ௫
మ

 

   = ௫
మ

 

  
௫

= ଵ
మ

 

  Differentiating equation (1) with respect to ݕ, 

  2 డ௭
డ௬

= ଶ௬
మ

 

  డ௭
డ௬

= ௬
మ

 

ݍ   = ௬
మ

 

  
௬

= ଵ
మ

 

  Substituting ଵ
మ

 , ଵ
మ

 in equation (1), we get the required partial differentiation equation  

ݖ2   = ଶݔ 
௫

+ ଶݕ 
௬
 

ݖ2   = ݔ +  ݕݍ
Example 2: Form the partial differential equations, by eliminating the arbitrary constants from 

ݖ = ଶݔ) + ଶݕ)(ܽ + ܾ). 
Solution: Given equation is ݖ = ଶݔ) + ଶݕ)(ܽ + ܾ) …(1) 

  Differentiating equation (1) with respect to ݔ, we get 

  డ௭
డ௫

= ଶݕ)ݔ2 + ܾ) 

   = ଶݕ)ݔ2 + ܾ) 

  
ଶ௫

= ଶݕ) + ܾ) …(2) 

  Differentiating equation (1) with respect to ݕ, we get 

  డ௭
డ௬

= ଶݔ)ݕ2 + ܽ) 
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ݍ   = ଶݔ)ݕ2 + ܽ) 

  
ଶ௬

= ଶݔ) + ܽ) …(3) 

  From (2) and (3), we obtain, 

ݖ   = 
ଶ௫
∙ 
ଶ௬

 

ݖݕݔ4   =  ݍ
  which is the required differential equation. 

Example 3: Find the differential equations of all planes which are at a constant distance ݎ from 
the origin. 

Solution: Equation of all the planes which are at a constant distance ݎ from origin is: 
ݔܽ   + ݕܾ + ݖܿ =  (1)… ݎ
  with ܽଶ + ܾଶ + ܿଶ = 1 …(2) 
  From (2), we have 

  ܿ = √1− ܽଶ − ܾଶ 
  Differentiating (1) partially with respect to ݔ, we get 

  ܽ + ܿ డ௭
డ௫

= 0      ቀ∵ డ௭
డ௫

=  = ି


 ቁ, ܽ + ܿ = 0 

  ܽ =  (3)… ܿ−
  Differentiating (1) partially with respect to ݕ, we get 

  ܾ + ܿ డ௭
డ௬

= 0 ቀడ௭
డ௬

= ݍ = ି


 ቁ , ܾ + ݍܿ = 0    

  ܾ =  (4)… ܿݍ−
  Substituting ܽ and ܾ in (2), we get 
ଶܿଶ   + ଶܿଶ+ܿଶݍ = 1 

  ଵ


= ඥଶ + ଶݍ + 1 …(5) 

  From (1), we have 

ݖ   = 

− 


ݔ − 


 ݕ

  From (3), (4) and (5), we have 

ݖ   = ݔ + ݕݍ + ଶඥݎ + ଶݍ + 1 
Example 4: Form the partial differentiation equation from ݖ = ଶݔܽ + ଶݕܾ + ܾܽ, by eliminating 

arbitrary constants ܽ and ܾ. 
Solution: Differentiating ݖ = ଶݔܽ + ଶݕܾ + ܾܽ …(1) 

  partially with respect to ݔ, we get 

  డ௭
డ௫

= ݔ2ܽ ⇒  = ݔ2ܽ ⇒ 
ଶ௫

= ܽ  

  Differentiating (1) partially with respect to ݕ, we get 

  డ௭
డ௬

= ݕ2ܾ ⇒ ݍ = ݕ2ܾ ⇒ 
ଶ௬

= ܾ 
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  Substituting ܽ and ܾ in equation (1), we get 

ݖ   = ቀ 
ଶ௫
ቁ ଶݔ + ቀ 

ଶ௬
ቁݕଶ + 

ଶ௫
∙ 
ଶ௬

 

ݖݕݔ4   = ݍ + ݕଶݔ2 +  ݔଶݕݍ2
  This is the required partial differential. 

Example 5: Form a partial differential equation by eliminating ܽ,ܾ and ܿ from ௫
మ

మ
+ ௬మ

మ
+ ௭మ

మ
= 1. 

Solution: Let ௫
మ

మ
+ ௬మ

మ
+ ௭మ

మ
= 1 …(1) 

  Differentiating (1) partially with respect to ݔ, we get 

  ଶ௫
మ

+ ଶ௭
మ
∙ డ௭
డ௫

= 0 

  ܿଶݔ + ܽଶݖ డ௭
డ௫

= 0 …(2) 

  Differentiating (1) partially with respect to ݕ, we get 

  ଶ௬
మ

+ ଶ௭
మ
∙ డ௭
డ௬

= 0 

  ܿଶݕ + ܾଶݖ డ௭
డ௬

= 0 …(3) 

  Since there are three constants, again differentiating (2) with respect to ݔ, we get 

  ܿଶ + ܽଶ ቀడ௭
డ௫
ቁ
ଶ

+ ܽଶݖ డ
మ௭

డ௫మ
= 0  

  ܿଶ = −ܽଶ(ଶ +  (ݎݖ
  Substituting ܿଶ in equation (2), we get 
  −ܽଶ(ଶ + ݔ(ݎݖ + ܽଶݖ = 0 
  −ܽଶ(ݔଶ + ݎݖݔ − (ݖ = 0 
ଶݔ   + ݎݖݔ − ݖ = 0 
  which is second order partial differential equation. 

Note: We can differentiate (3) with respect to ݕ also so that we get ݍݕଶ + ݎݖݕ − ݍݖ = 0. So, we 
understand that more partial differential equations for a given relation between variables.  

Example 6: Form a partial differential equation by eliminating the arbitrary constants ℎ and ݇ 
from (ݔ − ℎ)ଶ + ݕ) − ݇)ଶ + ଶݖ = ܿଶ. 

(or) 
Find the partial differential equation of a family of sphere with centre in ݕݔ-plane and having 

radius ܿ. 
Solution: The equation of a family of sphere with centre in ݕݔ-plane and having radius ܿ is 

ݔ) − ℎ)ଶ + ݕ) − ݇)ଶ + ଶݖ = ܿଶ 
  Differentiating above equation with respect to ݔ and ݕ, we get 

ݔ)2    − ℎ) + ݖ2 డ௭
డ௫

= 0 ⇒ ݔ − ℎ =  ݖ−

  and 2(ݕ − ݇) + ݖ2 డ௭
డ௬

= 0 ⇒ ݕ − ݇ =  ݍݖ−

  Substituting ݔ − ℎ and ݕ − ݇ in given relation, we get 
ଶଶݖ   + ଶݍଶݖ + ଶݖ = ܿଶ ⇒ ଶ)ଶݖ + ଶݍ + 1) = ܿଶ 
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  which is the required partial differential equation. 
Example 7: Form the differential equations of all planes whose ݔ-intercept is always equal to 

the ݕ-intercept. 

Solution: Equation of the planes is  ௫


+ ௬


+ ௭


= 1 …(1) 

  Since ݔ and ݕ-intercept are equal, 

  ∴ Equation of such planar is ௫ା௬


+ ௭


= 1 …(2) 

  Differentiating (2) with respect to ݔ, we get 

  ଵା


+ ଵ

డ௭
డ௫

= 0 

  ଵ


+ 


= 0 …(3) 

  Differentiating (2) with respect to ݕ, we get 

  ଵା


+ ଵ

డ௭
డ௬

= 0 

  ଵ


+ 


= 0 …(4) 

  From (3), we have 

   ଵ


= − ଵ

 

  From (4), we have 

    ଵ


= − ଵ

 ݍ

  Dividing (3) by (4), we get 

  1 = 

⇒  =  .is required equation ݍ

Example 8: Eliminate ܽ and ܾ from ݖ =  ௫


+ ௬

. 

Solution: Given ݖ =  ௫


+ ௬

 …(1) 

  Partially differentiating equation (1) with respect to ݔ, we get 

  ܽ = ଵ

 …(2) 

   Partially differentiating equation (1) with respect to ݕ, we get 

  ܾ = ଵ

 …(3) 

  Substituting ܽ and ܾ values in equation (1), we get 
ݖ   = ݔ +  ݕݍ

Example 9: Form the differential equation from 2ݖ = ௫మ

మ
+ ௬మ

మ
  by eliminating arbitrary constants 

ܽ and ܾ. 

Solution: Given 2ݖ = ௫మ

మ
+ ௬మ

మ
 …(1) 

  Differentiating partially with respect to ݔ, we get 

  2 డ௭
డ௫

= ଶ௫
మ
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  డ௭
డ௫

= ௫
మ

 

   = ௫
మ

 

  
௫

= ଵ
మ

 

  Differentiating equation (1) with respect to ݕ, we get 

  2 డ௭
డ௬

= ଶ௬
మ

 

  డ௭
డ௬

= ௬
మ

 

ݍ   = ௬
మ

 

  
௬

= ଵ
మ

 

  Substituting ଵ
మ

 and  ଵ
మ

 in equation (1), we get the required partial differentiation equation 

ݖ2   = ଶݔ 
௫

+ ଶݕ 
௬
 

ݖ2   = ݔ +  ݕݍ
Example 10: Find the partial differential equation of the family of sphere of radius 5 with 

centres on the plane ݔ =  .ݕ
Solution: The equation of the family of the sphere is (ݔ − ܽ)ଶ + ݕ) − ܽ)ଶ + ݖ) − ܾ)ଶ = 25, 

where ܽ  and ܾ are arbitrary constants. 
  Differentiating above equation with respect to ݔ and ݕ, we get 
ݔ)    − ܽ) + ݖ) − (ܾ = 0 
  and (ݕ − ܽ) + ݖ) − ݍ(ܾ = 0 
  Substituting ݔ − ܽ = ݖ)− − ܾ), and ݕ − ܽ = ݖ)ݍ− − ܾ) in the family of sphere equation, 

we get 
ݖ)ଶ   − ܾ)ଶ + ݖ)ଶݍ − ܾ)ଶ + ݖ) − ܾ)ଶ = 25 
ݖ)   − ܾ)ଶ(ଶ + ଶݍ + 1) = 25 
ݔ   − ݕ = ݔ) − ܽ)− ݕ) − ܽ) = ݍ) − ݖ)( − ܾ) 

ݖ   − ܾ = ௫ି௬
ି

 

  Substituting ݖ − ܾ in the above equation, we get 
ݔ)   − ଶ)ଶ(ݕ + ଶݍ + 1) = ݍ)25 −  ଶ(
  which is required partial differential equation. 

Exercise: 
 (1) Form the partial differential equation from the following relations between variables by 

eliminating arbitrary constants. 
 (i) ܽݔଶ + ଶݕܾ + ଶݖ = 1 
 (ii) ݖ = ݔܽ + ݕܾ + ܾܽ 

 (iii) ௫మା௬మ

మ
+ ௭మ

మ
= 1 
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 (2) Find the differential equation of the sphere whose centre lies on the ݖ-axis. 

Answers: 
 (1) (i) ݔ)ݖ + (ݕݍ = ଶݖ − 1 
 (ii) ݖ = ݔ + ݕݍ +  ݍ
 (iii) ݕ =  ݔݍ
ݕ (2)  − ݔݍ = 0 

Hint: The equation of the family of sphere having their centre on ݖ-axis and having radius ݎ is 
ݔ) − 0)ଶ + ݕ) − 0)ଶ + ݖ) − ܿ)ଶ = ଶݔ ,.ଶ, i.eݎ + ଶݕ + ݖ) − ܿ)ଶ =  are arbitrary ݎ ଶ, where ܿ andݎ
constants. 

(ii) Formation of Partial Differential Equation by Eliminating Arbitrary Functions 
In this, we have three cases: 

Case I: Eliminating one arbitrary function from ࢠ =  (࢛)ࢌ
  Consider ݖ =  (1)… (ݑ)݂
  where ݂(ݑ) is an arbitrary function of ݑ and ݒ is known function of ݕ,ݔ and ݖ. 
  Differentiating equation (1) partially with respect to ݔ and ݕ by chain rule, we get 

  డ௭
డ௫

= డ
డ௨
∙ డ௨
డ௫

+ డ
డ௨
∙ డ௨
డ௭
∙ డ௭
డ௫

 …(2) 

  డ௭
డ௬

= డ
డ௨
∙ డ௨
డ௬

+ డ
డ௨
∙ డ௨
డ௭
∙ డ௭
డ௬

 …(3) 

  By eliminating the arbitrary function ݂ from (1), (2) and (3), we get the partial differential 
equation of first order. 

Case II: Eliminating one arbitrary function from ࢛)ࢌ, (࢜ =  
  Let ݑ and ݒ are the two functions of ݕ,ݔ and ݖ  connected by the relation  
(ݒ,ݑ)݂   = 0 …(1) 
  Differentiating (1) with respect to ݔ and ݕ, we get 

   డ
డ௨
ቀడ௨
డ௫

+ డ௨
డ௭
∙ డ௭
డ௫
ቁ + డ

డ௩
ቀడ௩
డ௫

+ డ௩
డ௭
∙ డ௭
డ௫
ቁ = 0 

  and డ
డ௨
ቀడ௨
డ௬

+ డ௨
డ௭
∙ డ௭
డ௬
ቁ + డ

డ௩
ቀడ௩
డ௬

+ డ௩
డ௭
∙ డ௭
డ௬
ቁ = 0 

  => డ
డ௨
ቀడ௨
డ௫

+ డ௨
డ௫
∙ +ቁ డ

డ௩
ቀడ௩
డ௫

+ డ௩
డ௭
∙ ቁ = 0 …(2) 

  and డ
డ௨
ቀడ௨
డ௬

+ డ௨
డ௭
∙ ቁݍ + డ

డ௩
ቀడ௩
డ௬

+ డ௩
డ௭
∙ ቁݍ = 0 …(3) 

  where డ௭
డ௫

= , డ௭
డ௬

=  ݍ

  Eliminating డ
డ௨

 and డ
డ௩

 from equation (2) and (3), we get 

  ቮ
డ௨
డ௫

+ డ௨
డ௭
∙  డ௩

డ௫
+ డ௩

డ௭
∙ 

డ௨
డ௬

+ డ௨
డ௭
∙ ݍ డ௩

డ௬
+ డ௩

డ௭
∙ ݍ
ቮ = 0 

  => ቀడ௨
డ௫

+ డ௨
డ௭
∙ ቁ ቀడ௩

డ௬
+ డ௩

డ௭
∙ ቁݍ − ቀడ௨

డ௬
+ డ௨

డ௭
∙ ቁݍ ቀడ௩

డ௫
+ డ௩

డ௭
∙ ቁ = 0 
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  =>  ቀడ௨
డ௬
∙ డ௩
డ௭
− డ௩

డ௬
∙ డ௨
డ௭
ቁ + ݍ ቀడ௩

డ௫
∙ డ௨
డ௭
− డ௨

డ௫
∙ డ௩
డ௭
ቁ = డ௨

డ௫
∙ డ௩
డ௬
− డ௨

డ௬
∙ డ௩
డ௫

 

  or    ܲ + ݍܳ = ܴ …(4) 
  is the required partial differential equation 

  where, ܲ = డ௨
డ௬
∙ డ௩
డ௭
− డ௩

డ௬
∙ డ௨
డ௭

, ܳ = డ௩
డ௫
∙ డ௨
డ௭
− డ௨

డ௫
∙ డ௩
డ௭

, ܴ = డ௨
డ௫
∙ డ௩
డ௬
− డ௨

డ௬
∙ డ௩
డ௫

 

Case III:  Eliminating two arbitrary functions 
  When the given relation contains two arbitrary functions, then differentiate twice or thrice 

and elimination process becomes a partial differential equation of second and higher order. 

Example Problems 
Example 1: By eliminating the arbitrary function from ݖ = ݁௬߶(ݔ −  obtain a partial ,(ݕ

differential equation. 
Solution: Differentiating with respect to ݕ, we get 

  డ௭
డ௬

= ݊݁௫௬߶(ݔ − (ݕ − ݁௬߶ᇱ(ݔ −  (ݕ

  => ݍ = ݊݁௫௬߶(ݔ − −(ݕ ݁௬߶ᇱ(ݔ −  (ݕ
  => ݍ = ݖ݊ −  
  i.e.,   + ݍ − ݖ݊ = 0 is the required equation. 

Example 2: Form the partial differential equation by eliminating the function from ݖ = ଶݕ +
ܨ2 ቀଵ

௫
+ logݕቁ.  

Solution: Differentiating the given relation partially with respect to ݔ, we get 

  డ௭
డ௫

= 0 + ᇱܨ2 ቀଵ
௫

+ logݕቁቀ−1
ଶൗݔ ቁ 

  => ଶݔ− = ᇱܨ2 ቀଵ
௫

+ logݕቁ …(1) 

  Differentiating the given relation partially with respect to ݕ, we get 

  డ௭
డ௬

= ݕ2 + ᇱܨ2 ቀଵ
௫

+ logݕቁ ଵ
௬
 

  Replacing 2ܨᇱ ቀଵ
௫

+ logݕቁ from (1), we get 

ݍ   = ݕ2 − ௫మ

௬
  or  ݔଶ + ݕݍ =  ଶݕ2

  which is required partial differential equation. 
Example 3: Form a partial differential equation by eliminating the arbitrary functions,  

(i) ݖ = ଶݔ)݂ + ݖ ଶ) (ii)ݕ = ݕݔ + ଶݔ)݂ + ݖ ଶ) (iii)ݕ = ݕ݂൫ݔ ൗݔ ൯    
Solution:  

 (i) ݖ = ଶݔ)݂ +  ଶ) …(1)ݕ
 We have to eliminate the arbitrary function ′݂ᇱ. 
 Differentiating (1) partially with respect to ݔ, we get 

 డ௭
డ௫

= ݂ᇱ(ݔଶ + (ଶݕ ∙  ݔ2
  = ݂ᇱ(ݔଶ + (ଶݕ ∙  (2)… ݔ2
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 Similarly, differentiating (1) partially with respect to ݕ, we get 

 డ௭
డ௬

= ݂ᇱ(ݔଶ + (ଶݕ ∙  ݕ2

 => ݍ = ݂ᇱ(ݔଶ +  (3)… ݕଶ)2ݕ
 ∴ Dividing (2) by (3), we get 

 


= ᇲ(௫మା௬మ)ଶ௫
ᇲ(௫మା௬మ)ଶ௬

 

 => ݕ − ݔݍ = 0 is required partial differential equation. 
 (ii) ݖ = ݕݔ + ଶݔ)݂ +  ଶ) …(1)ݕ
 Differentiating (1) partially with respect to ݔ, we get 

 డ௭
డ௫

= ݕ + ݂ᇱ(ݔଶ + (ଶݕ ∙  ݔ2

  − ݕ = ݂ᇱ(ݔଶ + (ଶݕ ∙  (2)… ݔ2
 Similarly, differentiating (1) partially with respect to ݕ, we get 

 డ௭
డ௬

= ݔ + ݂ᇱ(ݔଶ + (ଶݕ ∙  ݕ2

ݍ  − ݔ = ݂ᇱ(ݔଶ +  (3)… ݕଶ)2ݕ
 (2) ÷ (3) gives 

 ି௬
ି௫

= ᇲ(௫మା௬మ)ଶ௫
ᇲ(௫మା௬మ)ଶ௬

 

)  − ݕ(ݕ = ݍ) −  ݔ(ݔ
 => ଶݔ − ଶݕ = ݔݍ −  .is required partial differential equation  ݕ

 (iii) ݖ = ݕ݂൫ݔ ൗݔ ൯ …(1) 
 Differentiating (1) partially with respect to ݔ, we get 

 డ௭
డ௫

= ݕିଵ݂൫ݔ݊ ൗݔ ൯ + ݕ݂ᇱ൫ݔ ൗݔ ൯ ቀ− ௬
௫మ
ቁ 

  = ௫

௫
݂൫ݕ ൗݔ ൯ − ௫షభ௬ᇲ൫௬ ௫ൗ ൯

௫
 

  = ௫൫௬ ௫ൗ ൯ି௫షభ௬ᇲ൫௬ ௫ൗ ൯
௫

 

ݔ  = ݕ݂൫ݔ݊ ൗݔ ൯ − ݕᇱ൫݂ݕିଵݔ ൗݔ ൯ …(2) 
 Similarly, differentiating (1) with respect to ݕ, we get 

 డ௭
డ௬

= ݕ݂ᇱ൫ݔ ൗݔ ൯ ∙ ଵ
௫
 

ݍ  = ݕିଵ݂ᇱ൫ݔ ൗݔ ൯  
 Multiplying ݕ on both sides, we get 

ݕݍ  = ݕᇱ൫݂ݕିଵݔ ൗݔ ൯ …(3) 
 Adding (2) and (3), we get 

ݔ     + ݕݍ = ݕ݂൫ݔ݊ ൗݔ ൯ − ݕᇱ൫݂ݕିଵݔ ൗݔ ൯ + ݕᇱ൫݂ݕିଵݔ ൗݔ ൯ 

   = ݕ݂൫ݔ݊ ൗݔ ൯ 
  ∴ ݔ + ݕݍ =  (from (1))  ݖ݊
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Example 4: Form a partial differential equation by eliminating the arbitrary function ∅ from 
ݔ݈ + ݕ݉ + ݖ݊ = ଶݔ)߶ + ଶݕ +  .(ଶݖ

Solution: Given ݈ݔ + ݕ݉ + ݖ݊ = ଶݔ)߶ + ଶݕ +  ଶ) …(1)ݖ
  Differentiating (1) with respect to ݔ, we get 

  ݈ + ݊ డ௭
డ௫

= ߶ᇱ(ݔଶ + ଶݕ + (ଶݖ ቀ2ݔ + ݖ2 డ௭
డ௫
ቁ 

  => ݈ + ݊ = ߶ᇱ(ݔଶ + ଶݕ + ݔଶ)(2ݖ +  (2)… (ݖ2
  Differentiating (2) with respect to ݕ, we get 

  ݉ + ݊ డ௭
డ௬

= ߶ᇱ(ݔଶ + ଶݕ + (ଶݖ ቀ2ݕ + ݖ2 డ௭
డ௬
ቁ 

  ݉ + ݍ݊ = ߶ᇱ(ݔଶ + ଶݕ + ݕଶ)(2ݖ +  (3)… (ݍݖ2
  Dividing (2) by (3), we get 

  ା
ା

= థᇲ(௫మା௬మା௭మ)(ଶ௫ାଶ௭)
థᇲ(௫మା௬మା௭మ)(ଶ௬ାଶ௭)

 

   (݈ + ݕ)(݊ + (ݍݖ = (݉ + ݔ)(ݍ݊ +  (ݖ
  or  ݔ(݉ + (ݍ݊ − (1 + ݕ(݊ − ݍ݈) ݖ(݉− = 0  
  which is required partial differential equation. 

Example 5: Find the differential equation arising from ߶(ݔ + ݕ + ଶݔ,ݖ + ଶݕ + (ଶݖ = 0. 
Solution: Let ݔ + ݕ + ݖ = ,ݑ ଶݔ + ଶݕ + ଶݖ =   so that the given relation is ݒ

,ݑ)߶   (ݒ = 0 …(1) 
  Differentiating (1) partially with respect to ݔ by chain rule, we get 

   డథ
డ௨
ቂడ௨
డ௫

+ డ௨
డ௭
∙ డ௭
డ௨
ቃ + డథ

డ௩
ቂడ௩
డ௫

+ డ௩
డ௭
∙ డ௭
డ௫
ቃ = 0 

  i.e.,  డథ
డ௨
ቀ1 + డ௭

డ௫
ቁ + డథ

డ௩
ቀ2ݔ + ݖ2 డ௭

డ௫
ቁ = 0 

  => డథ
డ௨

(1 + ( + డథ
డ௩

ݔ2) + (ݖ2 = 0 …(2) 

  Similarly, differentiating with respect to ݕ, we get 

  డథ
డ௨

(1 + (ݍ + డథ
డ௩

ݔ2) + (ݍݖ2 = 0 …(3) 

  Eliminating డథ
డ௨

 and డథ
డ௩

 between (2) and (3), we get 

  ฬ1 +  ݔ)2 + (2
1 + ݍ ݕ)2 + ฬ(ݍݖ = 0 

  => ݕ) − (ݖ + ݖ) − ݍ(ݔ = ݔ −  ݕ
 which is partial differential equation. 

Example 6: Form the partial differential equation by eliminating the arbitrary functions from 
ݖ)߶ − ଶݔ,ݕݔ + (ଶݕ = 0. 

Solution: Given ߶(ݖ − ,ݕݔ ଶݔ + (ଶݕ = 0 
  Let ݑ = ݖ − ݒ,ݕݔ = ଶݔ + ,ݑ)߶ ଶ so that the given relation isݕ (ݒ = 0. 
  Differentiating with respect to ݔ and ݕ, we get 
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  డథ
డ௨

) − (ݕ + డథ
డ௩

(ݔ2) = 0 …(1) 

  డథ
డ௨

ݍ) − (ݔ + డథ
డ௩

(ݕ2) = 0 …(2) 

  Eliminating డథ
డ௨

, డథ
డ௩

 from above equation, we get 

  ฬ − ݕ ݔ2
ݍ − ݔ ฬݕ2 = 0 

  => ݕ2 − ଶݕ2 − ݔݍ2 + ଶݔ2 = 0 
  => ݕ − ଶݕ − ݔݍ + ଶݔ = 0 
ݕ   − ݔݍ = ଶݕ −   ଶݔ
  which is required partial differential equation of the form  ܲ + ݍܳ = ܴ. 

Example 7: Form the partial differential equation by eliminating the arbitrary functions from 
ଶݔ)߶ + ,ଶݕ ݖ − (ݕݔ = 0. 

Solution: Given ߶(ݔଶ + ,ଶݕ ݖ − (ݕݔ = 0 
  Let ݑ = ଶݔ + ,ଶݕ ݒ = ݖ − (ݒ,ݑ)߶ so that the given relation is ݕݔ = 0 …(1) 
  Differentiate (1) with respect to ݔ and ݕ, we get 

  డథ
డ௨

(ݔ2) + డథ
డ௩

) − (ݕ = 0 …(2) 

  డథ
డ௨

(ݕ2) + డథ
డ௩

ݍ) − (ݔ = 0 …(3) 

  Eliminating డథ
డ௨

 and డథ
డ௩

 from (2) and (3), we get 

  ฬ2ݔ  − ݕ
ݕ2 ݍ − ฬݔ = 0 

ݍ)ݔ2   − (ݔ − )ݕ2 − (ݕ = 0 
ݔݍ   − ଶݔ − ݕ + ଶݕ = 0 
ݕ−   + ݔݍ = ଶݔ −  ଶݕ
ݕ   − ݔݍ = ଶݕ −   ଶݔ
  which is required partial differential equation. 

Example 8: Form the partial differential equation by eliminating the arbitrary functions from 
ݖ = ݁௫ା௬݂(ܽݔ −  .(ݕܾ

Solution: Given ݖ = ݁௫ା௬݂(ܽݔ −  (1)… (ݕܾ
  Differentiate (1) with respect to ݔ and ݕ, we get 

  డ௭
డ௫

= ݁௫ା௬݂ܽ(ܽݔ + (ݕܾ + ݁௫ା௬݂ᇱ(ܽݔ + (ݕܾ ∙ ܽ 

   = ܽ݁௫ା௬݂(ܽݔ + (ݕܾ + ܽ݁௫ା௬݂ᇱ(ܽݔ +  (2)… (ݕܾ
  Similarly, ݍ = ܾ݁௫ା௬݂(ܽݔ + −(ݕܾ ܾ݁௫ା௬݂ᇱ(ܽݔ +  (3)… (ݕܾ
  Multiplying (2) with ܾ and (3) with ܽ and add, we get 
ܾ   + ݍܽ = 2ܾܽ݁௫ା௬݂(ܽݔ −  (ݕܾ
  = ∵)  ݖ2ܾܽ ݖ = ݁௫ା௬݂(ܽݔ −  ((ݕܾ
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  ∴ ܾ + ݍܽ =   ݖ2ܾܽ
  which is required partial differential equation. 

Exercise: 
 (1) Form a partial differential equation by eliminating the arbitrary functions from:  
 (i) ݖ = (ݔ)݂ + ݁௬݃(ݔ) 
 (ii) ݖ = ଶݔ)݂ −   (ଶݕ
 (2) Form the partial differential equation by eliminating the arbitrary functions from: 
 (i) ߶(ݔଶ + ଶݕ + ,ଶݖ ଶݖ − (ݕݔ2 = 0 

 (ii) ߶ ቀ ௭
௫య

, ௬
௫
ቁ 

Answers: 
 (1)  (i) ݐ − ݍ = 0 
  (ii) ݕ + ݍݔ = 0  
 (2)  (i) ݍ)ݖ − ( + ݕ − ݔ = 0 
  (ii) ݔ + ݕݍ =  ݖ3

Equations Easily Integrable 
Some of the partial differential equations can be formed by direct integration. 

Solutions of a Partial Differential Equation 
We understood that a partial differential equation can be formed by eliminating arbitrary 

constants or arbitrary functions from an equation which involves two or more independent variables. 

Linear and Non-linear Partial Differential Equations 
Consider a partial differential equation of the form, 

,ݔ)ܨ   ,ݕ (ݍ,,ݖ = 0  …(1) 
In this, if  and ݍ are linear, then the given partial difeerential equation is called linear partial 

differential equation and if it is not linear in  and ݍ, then it is non-linear partial differential equation. 

Complete Integral or Complete Solution 
A relation of the type ݂(ݔ, ,ݕ ,ݖ ܽ, ܾ) = 0 from which by eliminating ܽ and ܾ, we get                  

,ݔ)ܨ ,ݕ ,ݖ , (ݍ = 0 is called complete integral or complete solution of the partial differential 
equation ݔ)ܨ, ,ݕ ,ݖ , (ݍ = 0. 

Particular Solution 
A solution of ݔ)ܨ, ,ݕ ,ݖ , (ݍ = 0 obtained by giving particular values to ܽ and ܾ in the 

complete integral ݂(ݔ, ,ݕ ,ݖ ܽ, ܾ) = 0 is called a particular integral. 

Example Problems 

Example 1: Solve డ
మ௬

డ௫మ
= sin  .ݕ

Solution: Given డ
మ௬

డ௫మ
= sinݕ => డ

డ௫
ቀడ௭
డ௫
ቁ = sinݕ 
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Integrating with respect to ݔ treating ݕ as constant and keeping ݂(ݕ) as the constant of 
integration, we get 

   ப
ப୶

= x sin y + f(y) 

In the same way, integrating with respect to ݔ treating ݕ as constant and keeping ݃(ݕ) as the 
constant of integration, we get 

ݖ   = ௫మ

ଶ
sin ݕ + (ݕ)݂ݔ +  .is the solution (ݕ)݃

Example 2: Solve డయ௭
డ௫మడ௬

+ ଶݕݔ18 + sin(2ݔ − (ݕ = 0. 

Solution: Keeping ݕ fixed and integrating the given equation twice, we get 

   డమ௭
డ௫డ௬

+ ଶݕଶݔ9 − ଵ
ଶ

cos(2ݔ − (ݕ =  (ݕ)݂

  and  డ௭
డ௬

+ ଶݕଷݔ3 − ଵ
ସ

sin(2ݔ − (ݕ = (ݕ)݂ݔ +  (ݕ)݃

  Keeping ݔ fixed and integrating with respect to ݕ, we get 

ݖ   + ଷݕଷݔ − ଵ
ସ

cos(ݔ − (ݕ = ݔ ݕ݀(ݕ)݂∫ + ݕ݀(ݕ)݃∫ + ℎ(ݔ) 

  Denoting ∫݂(ݕ)݀ݕ = ݕ݀(ݕ)݃∫    ,(ݕ)ݑ =  ,we get the required solution ,(ݕ)ݒ

  i.e.,  ݖ = ଵ
ସ

cos(ݔ − −(ݕ ଷݕଷݔ + (ݕ)ݑݔ + (ݕ)ݒ + ℎ(ݔ) 

Example 3: Solve డయ௭
డ௫మడ௬

= cos(2ݔ +  .(ݕ3

Solution: Taking ݕ as constant and integrating the given equation twice partially with respect to 
 we get ,ݔ

   డయ௭
డ௫మడ௬

= ଵ
ଶ

sin(2ݔ + (ݕ3 +  (ݕ)݂

  and  డ௭
డ௬

= − ଵ
ସ

cos(2ݔ + (ݕ3 + (ݕ)݂ݔ +  (ݕ)݃

  Again, integrating partially with respect to the above equation, we get 

ݖ   = − ଵ
ଵଶ

sin(2ݔ + (ݕ3 + ݔ ݕ݀(ݕ)݂∫ + ݕ݀(ݕ)݃∫ + ℎ(ݔ) 

  Taking ∫݂(ݕ)݀ݕ = (ݕ)ݑ  and∫݃(ݕ)݀ݕ =  we get ,(ݕ)ݒ

ݖ   = ିଵ
ଵଶ

sin(2ݔ + (ݕ3 + (ݕ)ݑݔ + (ݕ)ݒ + ℎ(ݔ) 

Example 4: Solve డ
మ௭

డ௫మ
+ ݖ = 0  when ݔ = 0, ݖ = ݁௬ and  డ௭

డ௫
= 1. 

Solution: If ݖ is a function of ݔ alone, then the solution is ݖ = ܿଵ sinݔ + ܿଶ cos  where ܿଵ and ,ݔ
ܿଶ are constants. 
  Since ݖ is a function of ݔ and ݕ, ܿଵ and ܿଶ are functions of ݕ. 
  Hence, the solution of the given equation is  
ݖ   = (ݕ)݂ sin ݔ + (ݕ)݃ cos  ݔ

  డ௭
డ௫

= (ݕ)݂ cos ݔ − (ݕ)݃ sinݔ 

  when ݔ = 0, ݖ = ݁௬,    i.e., ݁௬ =  (ݕ)݃
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  and    ݔ = 0, డ௭
డ௫

= 1,    i.e., 1 =  (ݕ)݂

  Hence, the required solution is ݖ = sinݔ + ݁௬ cos  .ݔ

Example 5: Solve డ
మ௭

డ௬మ
= ݕ ,where ,ݖ = 0, ݖ = ݁௫ and డ௭

డ௬
= ݁ି௫. 

Solution: If ݖ is a function of ݕ alone, the solution of given equation is ݖ = ܿଵ݁௬ + ܿଶ݁ି௬ ,  
where ܿଵ and ܿଶ arbitrary constants. 
  Hence, ݖ is a function of ݔ and ݕ. 
  ∴  ܿଵ and ܿଶ are arbitrary functions of ݔ 
  Hence, the solution of given equation is ݖ = ௬݁(ݔ)݂ +  ௬ି݁(ݔ)݃
  when ݕ = 0, ݖ = ݁௫ , i.e., ݁௫ = (ݔ)݂ +  (1)… (ݔ)݃

  Also given, when ݕ = 0, డ௭
డ௬

= ݁ି௫ 

  => ݁ି௫ = (ݔ)݂ −  (2)… (ݔ)݃
  Solving (1) and (2), we get 

(ݔ)݂   = (ೣାషೣ)
ଶ

, and ݃(ݔ) = ቀ
ೣିషೣ

ଶ
ቁ 

  We have cosh ݔ = ଵ
ଶ

(݁௫ + ݁ି௫) and sinhݔ = ଵ
ଶ

(݁௫ − ݁ି௫) 

  => (ݔ)݂ = cosh (ݔ)݃ and ݔ = sinhݔ 
  ∴ The solution is ݖ = ݁௬ coshݔ + ݁ି௬ sinhݔ 

Exercise: 
Solve the following partial differential equations. 

 (1) డమ௭
డ௫డ௬

= ݔ2 +  ݕ2

 (2) డమ௭
డ௫డ௬

=  ଶݕݔ

 (3) డమ௭
డ௫డ௬

= ݕ given when ,ݕଶݔ = 0, ݖ = ݔ ଶ and whenݔ = 1, ݖ = cos  ݕ

Answers: 
ݖ (1)  = ݔ)ݕݔ + (ݕ + (ݕ)݂ +  (ݔ)߶

ݖ (2)  = ௫మ௬య


+ (ݕ)݂ +  (ݔ)߶

ݖ (3)  = ଵ

ଶݕଶݔ + cos ݕ − ଵ


ଶݕ − 1 +  .ଶݔ

Linear Equations of the First Order 
A linear partial differential equation of the first order is of the form, 

ܲ   + ݍܳ = ܴ …(1) 
where, ܲ,ܳ and ܴ are the functions of ݕ,ݔ and ݖ. This equation is known as Lagrange’s linear partial 
differential equation and the solution is ߶(ݒ,ݑ) = 0  or  ݑ =  .(ݒ)݂
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Solution of Lagrange’s Linear Partial Differential Equation 
To obtain the solution of (1), we have the following rule: 

 (a) Write equation (1) in the form ௗ௫


= ௗ௬
ொ

= ௗ௭
ோ

. 

 (b) Solve these simultaneous equation by the method of grouping, giving ݑ = ܽ and ݒ = ܾ as its 
solutions. 

 (c) Write the solution as ߶(ݑ, (ݒ = 0, or ݑ =  .(ݒ)݂

Solution of Linear Partial Differential Equation Involving  Variables 
Consider the equation 

ଵ  
డ௭
డ௫భ

+ ଶ
డ௭
డ௫మ

+ … … … … … … + 
డ௭
డ௫

= ܴ …(1) 

First find the equations 

  ௗ௫భ
భ

= ௗ௫మ
మ

=  … … … … … … + ௗ௫


= ௗ௭
ோ

  …(2) 

and obtain an ݊ independent solution of equation (2).  
Let these solutions be,  

ଵݑ   = ܿଵ,ݑଶ = ܿଶ … … … … ݑ… = ܿ  
then ߶(ݑଵ,ݑଶ … … … … (ݑ = 0 is the solution of equation (1), where ߶ is any arbitrary function. 
Equation (2) is called the subsidiary equation. 

Example Problems 
Example 1: Solve ݔ + ݕݍ =  .ݖ

Solution: The subsidiary equations are ௗ௫
௫

= ௗ௬
௬

= ௗ௭
௭

 

  Taking ௗ௫
௫

= ௗ௬
௬

 and integrating and simplifying, we get 

  log ݔ = logݕ + log ܿଵ 
  log ቀ௫

௬
ቁ = log ܿଵ => ௫

௬
= ܿଵ 

  Now, taking ௗ௬
௬

= ௗ௭
௭

 and integrating, we get 

  logݕ = log ݖ + log ܿଶ => ௬
௭

= ܿଶ 

  Hence, the general solution is  

  ݂(ܿଵ, ܿଶ) = 0, i.e.,  ݂ ቀ௫
௬

, ௬
௭
ቁ = 0, where ݂ is arbitrary. 

Example 2: Solve ݖݕ + ݍݔݖ =  .ݕݔ
Solution: This equation is the form ܲ + ݍܳ = ܴ. Hence, its auxiliary equation is  

  ௗ௫
௬௭

= ௗ௬
௭௫

= ௗ௭
௫௬

 

  Taking ௗ௫
௬௭

= ௗ௬
௭௫

=> ݔ݀ݔ = ݕ݀ݕ => ݔ݀ݔ∫ − ݕ݀ݕ∫ = ܿଵ, we get 

ଶݔ   − ଶݕ = ܿଵ 
  Similarly, taking  ௗ௬

௭௫
= ௗ௭

௫௬
=> ݕ݀ݕ − ݔ݀ݖ = 0, we get 
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   => ଶݕ − ଶݖ = ܿଶ 
  ∴ The general solution of the given partial differential equation is  
(ݒ,ݑ)ܨ   = 0 => ଶݔ)ܨ − ଶݕ,ଶݕ − (ଶݖ = 0  
  where ܨ is an arbitrary function. 

Example 3: Solve (ݕ + (ݖ + ݔ) + ݍ(ݖ = ݔ +  .ݕ

Solution: The subsidiary equation is ௗ௫
௬ା௭

= ௗ௬
௭ା௫

= ௗ௭
௫ା௬

 

  which can be written as: 

  ௗ௫ାௗ௬ାௗ௭
ଶ௫ାଶ௬ାଶ௭

= ௗ௫ିௗ௬
ି(௫ି௬)

= ௗ௫ିௗ௭
ି(௫ି௭)

 

  Taking the first two ratios and integrating, we get 

  − ଵ
ଶ∫

ௗ௫ାௗ௬ାௗ௭
௫ା௬ା௭

= −∫ ௗ௫ିௗ௬
௫ି௬

 

  log(ݔ + ݕ + (ݖ = −2 log(ݔ − (ݕ + log ܿଵ 
  log [(ݔ + ݕ + ݔ)(ݖ − [ଶ(ݕ = log ܿଵ 
  => ݔ) + ݕ + ݔ)(ݖ − ଶ(ݕ = ܿଵ 
  Similarly, taking last two ratios and integrating, we get  
  log(ݔ − −(ݕ log(ݔ − (ݖ = log ܿଶ  

  => ௫ି௬
௫ି௭

= ܿଶ 

  Hence, the required solution is ܨ ቂ(ݔ + ݕ + ݔ)(ݖ − ,ଶ(ݕ ௫ି௬
௫ି௭

ቃ = 0 

  or  ݔ − ݕ = ݔ) − ݔ)]݂(ݖ + ݕ + ݔ)(ݖ −  [ଶ(ݕ
Example 4: Solve ݖ)ݔଶ − (ଶݕ + ଶݔ)ݕ − ݍ(ଶݖ = ଶݕ)ݖ −  .(ଶݔ
Solution: The subsidiary equations are: 

  ௗ௫
௫(௭మି௬మ)

= ௗ௬
௬(௫మି௭మ)

= ௗ௭
௭(௬మି௫మ)

 

  Using multipliers ݕ,ݔ and ݖ, we get  

  Each fraction =  ௫ௗ௫ା௬ௗ௬ା௭ௗ௭
௫మ(௭మି௬మ)ା௬మ(௫మି௭మ)ା௭మ(௬మି௫మ)

= ௫ௗ௫ା௬ௗ௬ା௭ௗ௭


 

  => ݔ݀ݔ + ݕ݀ݕ + ݖ݀ݖ = 0 
  On integration, we get 
ଶݔ   + ଶݕ + ଶݖ = ܿଵ 

  Again, 
ௗ௫ ௫ൗ
௭మି௬మ

=
ௗ௬

௬ൗ

௫మି௭మ
=

ௗ௭ ௭ൗ
௬మି௫మ

 

   =
൫ௗ௫ ௫ൗ ൯ାቀௗ௬ ௬ൗ ቁା൫ௗ௭ ௭ൗ ൯

௭మି௬మା௫మି௭మା௬మି௫మ
=

൫ௗ௫ ௫ൗ ൯ାቀௗ௬ ௬ൗ ቁା൫ௗ௭ ௭ൗ ൯


 

  => ௗ௫
௫

+ ௗ௬
௬

+ ௗ௭
௭

= 0 

  On integration, we get 
  log ݔ + logݕ + log ݖ = log ܿଶ 
  => log(ݖݕݔ) = log ܿଶ => ݖݕݔ = ܿଶ 
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  ∴ The given solution is ݖݕݔ = ଶݔ)݂ + ଶݕ +  (ଶݖ
Example 5: Solve (ݖଶ − ݖݕ2 − (ଶݕ + ݕݔ) + ݍ(ݔݖ = ݕݔ −  .ݔݖ
Solution: The subsidiary equation of given Lagrange’s linear equation is  

  ௗ௫
௭మିଶ௬௭ି௬మ

= ௗ௬
௫௬ା௭௫

= ௗ௭
௫௬ି௭௫

 

  Taking ݕ,ݔ,  as multipliers, we have ݖ

  Each of the above fraction = ௫ௗ௫ା௬ௗ௬ା௭ௗ௭


 

ݔ݀ݔ   + ݕ݀ݕ + ݖ݀ݖ = 0   
  Integrating, we get 
ଶݔ    + ଶݕ + ଶݖ = ܿଵ,  
  Taking two and three relations, we get 

  ௗ௬
௬ା௭

= ௗ௭
௬ି௭

 

  => ݕ) − ݕ݀(ݖ = ݕ) +  ݖ݀(ݖ
  => −ݕ݀ݕ ݖ݀ݖ − ݕ݀ݖ) + (ݖ݀ݕ = 0 

  => ݀ ቂ௬
మ

ଶ
− ௭మ

ଶ
− ቃݕݖ = 0 

  Integrating, we get 
ଶݕ    − ଶݖ − ݖݕ2 = ܿଶ 
  The solution of given differential equation is  ݔ)ܨଶ + ଶݕ + ଶݖ ଶݕ, − ݖݕ2 − (ଶݖ = 0 

Example 6: Solve (݉ݖ − (ݕ݊ + ݔ݊) − (ݖ݈ = ݕ݈ −  .ݔ݉
Solution: The auxiliary equation of the given equation is  

  ௗ௫
௭ି௬

= ௗ௬
௫ି௭

= ௗ௭
௬ି௫

 

  Using multipliers ݕ,ݔ and ݖ, we get 

  Each of the fraction = ௫ௗ௫ା௬ௗ௬ା௭ௗ௭


 

  which gives ݔ݀ݔ + ݕ݀ݕ + ݖ݀ݖ = 0 
  On integrating, we get 
ଶݔ   + ଶݕ + ଶݖ = ܿଵ 
  Again, using multiplier ݈,݉ and݊ we get 
ݔ݈݀   ݕ݀݉+ + ݖ݀݊ = 0 
  On integrating, we have 
ݔ݈   + ݕ݉ + ݖ݊ = ܿଶ 
  Hence, the required solution is ݔ)ܨଶ + ଶݕ + ,ଶݖ ݔ݈ + ݕ݉ + (ݖ݊ = 0 

Example 7: Solve ݕ)ݔ − (ݖ + ݖ)ݕ − ݍ(ݔ = ݔ)ݖ −  .(ݕ
Solution: The auxiliary equations are: 

  ௗ௫
௫(௬ି௭)

= ௗ௬
௬(௭ି௫)

= ௗ௭
௭(௫ି௬)

 



Partial Differential Equations   211 

  Since ݕ)ݔ − (ݖ + ݖ)ݕ − (ݔ + ݔ)ݖ − (ݕ = 0, we get 
ݔ݀   + ݕ݀ + ݖ݀ = 0 
  On integrating, we get 
ݔ   + ݕ + ݖ = ܿଵ 
  We have (ݕ − (ݖ + ݖ) − (ݔ + ݔ) − (ݕ = 0 
  The given equation can be written as 

   
ௗ௫ ௫ൗ
௬ି௭

=
ௗ௬

௬ൗ

௫ି௬
=

ௗ௫ ௫ൗ ାௗ௬ ௬ൗ ାௗ௭ ௭ൗ


 

  ∴  ௗ௫
௫

+ ௗ௬
௬

+ ௗ௭
௭

= 0 

  On integrating, we get 
  log ݔ + logݕ + log ݖ = log ܿ 
  => log ݖݕݔ = log ܿ => ݖݕݔ = ܿ 
  Hence, the general solution is ݔ)ܨ + ݕ + ,ݖ (ݖݕݔ = 0. 

Example 8: Solve (ݕ + (ݔݖ − ݔ) + ݍ(ݖݕ = ଶݔ −  .ଶݕ
Solution: The auxiliary equation of the above equation is  

  ௗ௫
௬ା௭௫

= ௗ௬
ି(௫ା௬௭)

= ௗ௭
௫మି௬మ

 

  Choosing multipliers as ݔ,  we have ,ݖ– and ݕ

  Each fraction = ௫ௗ௫ା௬ௗ௬ା௭ௗ௭


 

  => ݔ݀ݔ + ݕ݀ݕ + ݖ݀ݖ = 0 
  On integration, we get 
ଶݔ    + ଶݕ + ଶݖ = ܿଵ 
  Similarly, choosing multipliers as, ݔ,ݕ and 1, we get 

  Each fraction = ௬ௗ௫ା௫ௗ௬ାௗ௭


 

  => ݔ݀ݕ) + (ݕ݀ݔ + ݖ݀ = 0 => (ݕݔ)݀ + ݖ݀ = 0 
  Integrating, we get   
ݕݔ   + ݖ = ܿଶ 
  Hence, required solution is ݔ)ܨଶ + ଶݕ + ଶݖ ݕݔ, + (ݖ = 0. 

Example 9: Solve  tan ݔ + ݍ tan ݕ = tan  .ݖ

Solution: The subsidiary equations are ௗ௫
୲ୟ୬ ௫

= ௗ௬
୲ୟ୬ ௬

= ௗ௭
୲ୟ୬ ௭

 

  From the first two members, we have, 
  cot ݔ ݔ݀ = cotݕ  ݕ݀
  Integrating, we have 
  log sin ݔ = log sin ݕ + log ܿଵ 

  ୱ୧୬ ௫
ୱ୧୬ ௬

= ܿଵ 
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  From the last two members, we have, 
  cot ݕ݀ݕ = cot ݖ  ݖ݀
  On integration, we get 

  ୱ୧୬ ௬
ୱ୧୬ ௭

= ܿଶ 

  Thus, the general solution is ܨ ቀୱ୧୬ ௫
ୱ୧୬ ௬

, ୱ୧୬ ௬
ୱ୧୬ ௭

ቁ = 0. 

Example 10: Solve ݔଶ(ݖ − (ݕ + ݔ)ଶݕ − ݍ(ݖ = ݕ)ଶݖ −  .(ݔ
Solution: The subsidiary equations are: 

   ௗ௫
௫మ(௭ି௬)

= ௗ௬
௬మ(௫ି௭)

= ௗ௭
௭మ(௬ି௫)

  

  or  ௗ௫
௫మ(௬ି௭)

= ௗ௬
௬మ(௭ି௫)

= ௗ௭
௭మ(௫ି௬)

 

  Each fraction =
భ
ೣమ
ௗ௫ା భ

మ
ௗ௬ା భ

మ
ௗ௭


 

  And also =
భ
ೣௗ௫ା

భ
ௗ௬ା

భ
ௗ௭


  

  ∴  ଵ
௫మ
ݔ݀ + ଵ

௬మ
ݕ݀ + ଵ

௭మ
ݖ݀ = 0  and   ଵ

௫
ݔ݀ + ଵ

௬
ݕ݀ + ଵ

௭
ݖ݀ = 0 

  On integration, we get 

  ଵ
௫

+ ଵ
௬

+ ଵ
௭

= ܿଵ and log ݔ + logݕ + log ݖ = log ܿଶ 

  i.e.,  ଵ
௫

+ ଵ
௬

+ ଵ
௭

= ܿଵ and ݖݕݔ = ܿଶ 

  Hence, required solution is ܨ ቀଵ
௫

+ ଵ
௬

+ ଵ
௭

ቁݖݕݔ, = 0. 

Exercise: 

 (1) Solve ݔ√ + ݕඥݍ =  .ݖ√

 (2) Solve (ݔଶ − ଶݕ − (ݖݕ + ଶݔ) − ଶݕ − ݍ(ݔݖ = ݔ)ݖ −  .(ݕ
 (3) Solve (ݔଶ + ଶݕ + (ݖݕ + ଶݔ) + ଶݕ − ݍ(ݖݔ = ݔ)ݖ +  .(ݕ
 (4) Solve (ݔଶ − ଶݕ − (ଶݖ + ݍݕݔ2 =  .ݖݔ2
 (5) Solve ݖ)ݔଶ − (ଶݕ + ଶݔ)ݕ − ݍ(ଶݖ = ଶݕ)ݖ −  .(ଶݔ

Answers: 

ݔ√൫ܨ (1)  −ඥݕ,ඥݕ − ൯ݖ√ = 0 

ܨ (2)  ቌݔ − ݕ − ,ݖ ଶݔ) − (ଶݕ
ଶൗݖ ቍ = 0 

ܨ (3)  ቀݔ − ݕ − ,ݖ ௫
మା௬మ

௭మ
ቁ = 0 

ܨ (4)  ቀ௫
మା௬మା௭మ

௭
, ௬
௭
ቁ = 0 

ݔ)ܨ (5)  + ݕ + ,ݖ (ݖݕݔ = 0 
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Non-linear Equations of First Order 
Definition: The equations which involve  and ݍ other than in the first degree are called non-

linear partial differential equations of first order. For such equations, the complete solution consists of 
only two arbitrary constants (i.e., equal to the number of independent variables involved) and the 
particular integral is obtained by assigning particular values to the constants. The first order non-linear 
partial differential equations are reducible into four standard forms: 

Type I: Non-linear equations of the form (,)ࢌ =  
Solution: Let the required solution be 

ݖ   = ݔܽ + ݕܾ + ܿ …(1) 

  Then  = డ௭
డ௫

= ܽ and ݍ = డ௭
డ௬

= ܾ 

  Substituting these values in ݂(, (ݍ = 0, we get 
   ݂(ܽ,ܾ) = 0 
  From this, we can obtain ܾ in terms of ܽ. 
  Let ܾ = ߶(ܽ). Then the required solution is ݖ = ݔܽ + ݕ(ܽ)߶ + ܿ. 

Definitions 
 1. Complete integral: A solution in which the number of arbitrary constants is equal to the 

number of independent variables is called complete integral or complete solution of the 
given equation. 

 2. Particular integral: A solution obtained by giving particular values to the arbitrary 
constants in the complete integral is called a particular integral. 

 3. Singular integral: Let ݂(ݔ, ,ݕ ,ݖ , (ݍ = 0 be a partial differential equation whose 
complete integral is  

,ݕ,ݔ)߶   ,ݖ ܽ,ܾ) = 0  …(1) 
Differentiating (1) partially with respect to ܽ and ܾ and then equate to zero, we get 

  డథ
డ

= 0  …(2) 

and 

  డథ
డ

= 0  …(3) 

Eliminating ܽ and ܾ by using equations (1), (2) and (3), the eliminant of ܽ and ܾ is called 
singular integral. 

Example Problems 
Example 1: Solve ଶ + ଶݍ =  .ݍ݊
Solution: Let the required solution is ݖ = ݔܽ + ݕܾ + ܿ …(1) 

  Then  = డ௭
డ௫

= ܽ and ݍ = డ௭
డ௬

= ܾ …(2) 

  Substituting (2) in the given equation, we get 
  ܽଶ + ܾଶ = ܾ݊ܽ …(3) 
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  To find complete integral, we have to eliminate any one of the arbitrary constants from (1). 
  From (3), we have 
  ܾଶ − ܾ݊ܽ + ܽଶ = 0 which is a quadratic equation in ܾ 

  ∴ ܾ = ±√మమିସమ

ଶ
= 

ଶ
ൣ݊ ± √݊ଶ − 4൧ …(4) 

  Substituting (4) in (1), we get 

ݖ   = ݔܽ + ௬
ଶ
ൣ݊ ± √݊ଶ − 4൧ + ܿ 

  To find general integral, we take 
  ܿ = ݂(ܽ) 

  which gives ݖ = ݔܽ + 
ଶ
ൣ݊ ± √݊ଶ − 4൧ݕ + ݂(ܽ) …(5) 

  Differentiating partially with respect to ܽ, we get 

  0 = ݔ + ଵ
ଶ
൫݊ + √݊ଶ − 4൯ݕ + ݂ᇱ(ܽ) …(6) 

  Eliminating ′ܽ′ from equations (5) and (6), we get general integral. 
Example 2: Solve ଶ + ଶݍ = ݉ଶ. 
Solution: The given problem is of the form ݂(ݍ,) = 0 

  Let the complete solution be ݖ = ݔܽ + ݕܾ + ܿ 

  where ݂(ܽ,ܾ) = 0 => ܽଶ + ܾଶ = ݉ଶ => ܾ = √݉ଶ − ܽଶ 
  Thus, the complete solution of the given differential equation is  

ݖ   = ݔܽ + √݉ଶ − ܽଶݕ + ܿ …(1) 
  which contains two arbitrary constants. 
  In order to get the general solution, put ܿ = ݂(ܽ) in (1), so that  

ݖ   = ݔܽ + √݉ଶ − ܽଶݕ + ݂(ܽ) …(2) 
  Differentiating (2) with respect to ܽ, we get  

  0 = ݔ − 
√మିమ

ݕ + ݂ᇱ(ܽ) = 0  …(3) 

  Now, eliminating ′ܽ′ from the above equations (2) and (3), we get general solution.  
  In particular, when ܿ = ݂(ܽ) = 0, the elimination of ′ܽ′ gives us ݖଶ = ݉ଶ(ݔଶ +  (ଶݕ

which is a particular solution of the given equation. 
Example 3: Solve ݍ = 1. 
Solution: The complete solution in ݖ = ݔܽ + ݕܾ + ܿ …(1) 

  ∴  = డ௭
డ௫

= ܽ    and   ݍ = డ௭
డ௬

= ܾ 

  ∴ ܾܽ = 1 or ܾ = ଵ

  [putting ܽ = ܾ and  = ݍ in ݍ = 1] 

  Putting ܾ = ଵ

 in (1), we get 

ݖ   = ݔܽ + ଵ

ݕ + ܿ 

Example 4: Solve ݔଶଶ + ଶݍଶݕ =  .ଶݖ
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Solution: The given equation can be written as ቀ௫
ଶ
డ௭
డ௫
ቁ
ଶ

+ ቀ௬
௭
డ
డ௬
ቁ
ଶ

= 1 …(1) 

  so that it reduces to standard form I. 

  Now, set ௗ௫
௫

= ݀ܺ, ௗ௬
௬

= ܻ݀, ௗ௭
௭

= ܼ݀ 

  so that ܺ = log ݔ ,ܻ = logݕ ,ܼ = log  and ݖ

  Then ݔ = డ௭
డ

ݕ, = డ௭
డ

 

  ∴  డ
డ

= డ
డ௭
∙ డ௭
డ

= ଵ
௭
∙ డ௭
డ

= ଵ
௭
∙ ݔ = ௫

௭
డ௭
డ௫

 

  Similarly,  డ
డ

= ௬
௭

. డ௭
డ௬

 

  Substituting these values in (1), we get 

  ቀడ
డ
ቁ
ଶ

+ ቀడ
డ
ቁ
ଶ

= 1 …(2) 

  which is of the above form, i.e., of the form ݂ ቀడ
డ

, డ
డ
ቁ = 0. 

  Hence, a complete integral or complete solution of (2) is given by 
ݖ   = ܽܺ + ܾܻ + where ܽଶ ,ܥ + ܾଶ = 1 
  ∴ Complete solution of (1) is given by 
  log ݖ = ܽ log ݔ + ܾ logݕ + ܿ 

   = ܽ log ݔ ± √1 − ܽଶ logݕ + ܿ which is a required solution 
 

Exercise: 
Find the complete solution of: 

ݍ (1)  +  + ݍ = 0 
ݖ (2)  = ݔ + ݕݍ + ඥ1 + ଶ +  ଶݍ
ݖ (3)  = ݔ + ݕݍ +  ଶݕଶ

Answers: 
ݖ (1)  = ݔܽ − ௬

ଵା
+ ܾ 

ݖ (2)  = ݔܽ + ݕܾ + √1 + ܽଶ + ܾଶ 
ݖ (3)  = ݔܽ + ݕܾ + ܽଶܾଶ 

Form II: Equations of the form (,,ࢠ)ࢌ = , i.e., equations not containing ࢞ and ࢟ 
To solve such equation, we have three steps: 

 Step 1: Set ݑ = ݔ +  and put ݕܽ = ݖ݀
ൗݑ݀ , ݍ = ܽቀ݀ݖ ൗݑ݀ ቁ in the given equation. 

 Step 2: Solve the resulting ordinary differential equation in ݖ and ݑ. 
 Step 3: Replace ݑ by ݔ +  .ݕܽ

Example Problems 
Example 1: Solve ݖଶ = 1 + ଶ +  .ଶݍ
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Solution: The given equation is of the form ݂(ݍ,,ݖ) = 0 
  Let ݖ = ݑ where (ݑ)݂ = ݔ +  .be the solution of the given equation  ݕܽ

  Then  = ௗ௭
ௗ௨

 and ݍ = ܽ ௗ௭
ௗ௨

 

  Substituting these values of  and ݍ in the given equation, we get 

ଶݖ   = 1 + ቀௗ௭
ௗ௨
ቁ
ଶ

+ ܽଶ ቀௗ௭
ௗ௨
ቁ
ଶ
 or 

  √1 + ܽଶ ௗ௭
ௗ௨

= ଶݖ√ − 1 

  Integrating ∫ ௗ௭
√௭మିଵ

= ଵ
√ଵାమ

ݑ݀∫ + ܿ  or  coshିଵ ݖ = ௨
√ଵାమ

+ ܿ, we get 

  the solution is ݖ = cosh ௫ା௬ା
√ଵାమ

 

  using ݑ = ݔ +  ݕܽ
Example 2: Solve 1) + (ݍ =  .ݖݍ

Solution: Let ݑ = ݔ +  so that ݕܽ = ௗ௭
ௗ௨

  and  ݍ = ܽ ቀௗ௭
ௗ௨
ቁ,  

  So, the given equation can be written as ௗ௭
ௗ௨
ቀ1 + ܽ ௗ௭

ௗ௨
ቁ = ݖܽ ௗ௭

ௗ௨
 

  Separating the variables and integrating, we get 
  log(ܽݖ − 1) = ݑ + ܾ 
   = ݔ + ݕܽ + ܾ which is the required solution. 

Example 3: Solve ݖ = ଶ +  .ଶݍ
Solution: Given equation is ݖ = ଶ +  ଶݍ

  Let ݑ = ݔ +  so that ݕܽ = ௗ௭
ௗ௨

  and  ݍ = ܽ ௗ௭
ௗ௨

. 

  So, the given equation can be written as: 

ݖ   = ቀௗ௭
ௗ௨
ቁ
ଶ

+ ቀௗ௭
ௗ௨
ቁ
ଶ
 

   = (1 + ܽଶ) ቀௗ௭
ௗ௨
ቁ
ଶ
 

  => ௗ௭
ௗ௨

= ට ௭
ଵାమ

  or  ௗ௭
√௭

= ௗ௨
√ଵାమ

  (variables and separable) 

  Integrating ∫ ௗ௭
√௭

= ଵ
√ଵାమ

ݑ݀∫ + ܿ, we get 

ݖ√2   + ௨
√ଵାమ

+ ܿ 

  or 2√ݖ = ௫ା௬
√ଵାమ

+ ܿ is required solution. 

Example 4: Solve ݖଶ(ଶ + ଶݍ + 1) = ܿଶ. 

Solution: Put ݑ = ݔ +  so that ݕܽ = ௗ௭
ௗ௨

 and ݍ = ܽ ௗ௭
ௗ௨

 

  Substituting these in the given equation, we get 

ଶݖ   ቀௗ௭
ௗ௨
ቁ
ଶ

+ ቀௗ௭
ௗ௨
ቁ
ଶ

+ 1൨ = ܿଶ 

  ቀௗ௭
ௗ௨
ቁ
ଶ

[1 + ܽଶ] + 1 = మ

௭మ
 



Partial Differential Equations   217 

  ቀௗ௭
ௗ௨
ቁ
ଶ

[1 + ܽଶ] = మ

௭మ
− 1 = మି௭మ

௭మ
 

  ቀௗ௭
ௗ௨
ቁ
ଶ

= మି௭మ

௭మ(ଵାమ)
 

  ௗ௭
ௗ௨

= ට మି௭మ

௭మ(ଵାమ)
 

ݖ݀   ௭
√మି௭మ

= ௗ௨
√ଵାమ

 

  Integrating, we get 

   √1 + ܽଶ√ܿଶ − ଶݖ = ݑ + ܾ 
  Replacing ݑ by ݔ +  ,.we get the required solution, i.e ,ݕܽ

  √1 + ܽଶ√ܿଶ − ଶݖ = ݔ + ݕܽ + ܾ 
Example 5: Solve ݍଶ = −ଶ(1ଶݖ  .(ଶ
Solution: Given ݍଶ = −ଶ(1ଶݖ  ଶ) …(1)

  Let ݑ = ݔ +  so that ,ݕܽ = ௗ௭
ௗ௨

 and ݍ = ܽ ௗ௭
ௗ௨

 

  Substituting these in the given equation, we get 

  ቀௗ௭
ௗ௨
ቁ
ଶ

= ଶݖ ቀௗ௭
ௗ௨
ቁ
ଶ
1− ቀௗ௭

ௗ௨
ቁ
ଶ
൨ 

  => ܽଶ = ଶݖ 1 − ቀௗ௭
ௗ௨
ቁ
ଶ
൨ 

  
మ

௭మ
= 1− ቀௗ௭

ௗ௨
ቁ
ଶ
 

  => ቀௗ௭
ௗ௨
ቁ
ଶ

= 1 − మ

௭మ
= ௭మିమ

௭మ
 

  or  ௗ௭
ௗ௨

= √௭మିమ

௭
 

  ௭
√௭మିమ

ݖ݀ =  (variables and separable) ݑ݀

  Integrating ∫ ௭
√௭మିమ

ݖ݀ = ݑ݀∫ + ܿ, we get 

   ∫ ଶ௭ௗ௨
√௭మିమ

= ݑ݀∫2 + ܿ 

  => ଶݖ√2 − ܽଶ = ݑ2 + ܿ 
  => ଶݖ√ − ܽଶ = ݑ + ܿ => ଶݖ − ܽଶ = ݑ) + ܿ)ଶ 
  => ଶݖ = ܽଶ + ݑ) + ܿ)ଶ 
  Substituting ݑ = ݔ +  ,.we get required solution, i.e ,ݕܽ
ଶݖ   = ܽଶ + ݔ) + ݕܽ + ܿ)ଶ 

Example 6: Solve ଶݖଶ + ଶݍ =  .ݍଶ

Solution: Let ݑ = ݔ +  so that ݕܽ = ௗ௭
ௗ௨

 and ݍ = ܽ ௗ௭
ௗ௨

 

  Substituting these in the given equation, we get 

  ቀௗ௭
ௗ௨
ቁ
ଶ
ଶݖ + ቀௗ௭

ௗ௨
ቁ
ଶ

= ቀௗ௭
ௗ௨
ቁ
ଶ
ቀܽ ௗ௭

ௗ௨
ቁ 
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  ቀௗ௭
ௗ௨
ቁ
ଶ

ଶݖ] + ܽଶ] = ቀௗ௭
ௗ௨
ቁ
ଶ
ቀܽ ௗ௭

ௗ௨
ቁ 

ݑ݀   = 
௭మାమ

 ݖ݀

  Integrating ݑ = ܽ ∫ ଵ
௭మାమ

ݖ݀ + ܿ, we get 

ݑ    = tanିଵ ቀ௭

ቁ + ܿ => ݑ − ܿ = tanିଵ ௭


 

  tan(ݑ − ܿ) = ݖ ܽ⁄  
  Substituting ݑ = ݔ +  ,.we get required solution, i.e ,ݕܽ
  ܽ tan(ݔ + ݕܽ − ܿ) =  ݖ

Exercise: 
Solve:  

ଶ (1)  + ݍ =  ଶݖ
ܽ (2)  + bݍ + ݖܿ = 0 
ଷ (3)  =  ଶݍ

Answers: 

 (1) log ݖ = ଵ
√ଵା

ݔ) + (ݕܽ + ܿ 

 (2) log ݖ = ି(௫ା௬ା)
ାఈ

 
ݖݑ (3)  = ݔ)ܽ + ݕܽ + ܾ)ଶ 

Standard form III: (Variables separable) (࢟,࢞)ࢌ =  i.e., the equations in ,(,࢟)ࡲ
which the variable ࢠ does not appear and the terms containing  and ࢞ can be 
separated from those containing ࢟ and . 

Method of Solution: To obtain a solution of such an equation, we proceed as follows: 
  Let ݂(ݔ, (ݕ = (ݍ,ݕ)ܨ = ܽ and solve these for  and ݍ to get 
   = ݍ,(ܽ,ݔ)߶ = ,ݕ)߰ ܽ) 

  Since ݀ݖ = డ௭
డ௫
ݔ݀ + డ௭

డ௬
ݕ݀ = ݔ݀ +  ݕ݀ݍ

  We have ∫݀ݖ = ݔ݀)∫ +  (ݕ݀ݍ
  => ݖ = ݔ݀(ܽ,ݔ)߶∫ + ݕ݀(ܽ,ݕ)߰∫ + ܾ 
  which is the required complete solution containing two constants ܽ and ܾ. 

Example Problems 
Example 1: Solve ݍ −  + ݔ − ݕ = 0. 
Solution: The given equation can be written as ݍ − ݕ =  −  ݔ

  Let  − ݔ = ݍ − ݕ = ܽ so that  = ݔ + ܽ and ݍ = ݕ + ܽ, and the complete solution is 
ݖ    = ݔ)∫ + ݔ݀(ܽ + ݕ)∫ + ݕ݀(ܽ + ܾ 
  or 2ݖ = ݔ) + ܽ)ଶ + ݕ) + ܽ)ଶ + ܾ 

Example 2: Solve ݁௬ =  .௫݁ݍ
Solution: The given equation can be written as 
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௫ି݁   =  ௬ି݁ݍ
  Let ି݁௫ = ௬ି݁ݍ = ܽ, so that  = ܽ݁௫, ݍ = ܽ݁௬ , and the complete solution is  
ݖ   ∫ ܽ݁௫݀ݔ + ∫ܽ݁௬݀ݕ + ܾ 
  => ݖ = ܽ݁௫ + ܽ݁௬ + ܾ 

Example 3: Solve ଶ + ଶݍ = ݔ +  .ݕ
Solution: The given equation can be written as 

ଶ   − ݔ = ݕ − ଶݍ = ܽ 
  so that  = √ܽ + ݍ and ݔ = ඥݕ − ܽ 
  Substituting these values in ݀ݖ = ݔ݀ +  and integrating, we get ݕ݀ݍ

ݖ   = ଶ
ଷ

(ܽ + ଷ(ݔ ଶൗ + ଶ
ଷ

ݕ) − ܽ)ଷ ଶൗ + ܾ is the required complete solution. 

Example 4: Solve ݕ = ݔݕ2 + log  .ݍ
Solution: The given equation can be written as 

   = ݔ2 + ଵ
௬

log  ݍ

  =>  − ݔ2 = ଵ
௬

log  ݍ

  Let  − ݔ2 = ଵ
௬

log ݍ = ܽ 

  =>  = ݔ2 + ݍ,ܽ = ݁௬   
 and the complete solution is  
ݖ   = ݔ2)∫ + ݔ݀(ܽ + ∫ ݁௬݀ݕ + ܾ 

   = ଶݔ + ݔܽ + ೌ


+ ܾ 

  => ݖܽ = ଶݔܽ + ܽଶݔ + ܽ௬ + ܾܽ 
Example 5: Solve ݖଶ(ଶ + (ଶݍ = ଶݔ +  .ଶݕ
Solution: We write the given equation as: 

  ቀݖ డ௭
డ௫
ቁ
ଶ

+ ቀݖ డ௭
డ௬
ቁ
ଶ

= ଶݔ +  ଶ …(1)ݕ

  Put ݖ݀ݖ = ܼ݀, so that, 

  డ
డ௫

= డ
డ௭
∙ డ௭
డ௫

= ݖ డ௭
డ௫

= ܲ 

  డ
డ௬

= డ
డ௭
∙ డ௭
డ௬

= ݖ డ௭
డ௬

= ܳ 

  and equation (1) taken of the form: 
  ܲଶ + ܳଶ = ଶݔ + ଶ   or     ܲଶݕ − ଶݔ = ଶݕ − ܳଶ = ܽ 

  Thus, ܲ = ଶݔ√ + ܽ    and   ܳ = ඥݕଶ − ܽ  and 
ݖ݀   = ݔ݀ܲ +  which on integration gives the relation ݕ݀ܳ

  ܼ = ଵ
ଶ
ଶݔ√ݔ + ܽ + ଵ

ଶ
ܽ log൫ݔ + ଶݔ√ + ܽ൯+ ଵ

ଶ
ଶݕඥݕ − ܽ − ଵ

ଶ
ܽ log൫ݕ +ඥݕଶ − ܽ൯+ ܾ 

  ∴ The complete solution is 
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ଶݖ   = ଶݔ√ݔ + ܽ + ଶݕඥݕ − ܽ + ܽ log ௫ା√௫మା
௬ାඥ௬మି

+ ܾ 

Example 6: Solve )ݖଶ − (ଶݍ = ݔ −  .ݕ
Solution: The given equation can be written as: 

  ቀ√ݖ డ௭డ௫ቁ
ଶ
− ቀ√ݖ డ௭డ௬ቁ

ଶ
= ݔ −  ݕ

  Taking √ݖ݀ݖ = ܼ݀, i.e., ܼ = ଶ
ଷ
ଷݖ ଶൗ , we get 

  ቀడ
డ௫
ቁ
ଶ
− ቀడ

డ௬
ቁ
ଶ

= ݔ −  ݕ

  => ܲଶ −ܳଶ = ݔ − ܲ where ,ݕ = డ
డ௫

,ܳ = డ
డ௬

 

  => ܲଶ − ݔ = ܳଶ −  ݕ
  Let ܲଶ − ݔ = ܳଶ − ݕ = ܽ  
  such that  ܲ = √ܽ + ܳ,ݔ = ඥܽ +   ,ݕ
  then the complete solution is: 
ݖ   = ∫√ܽ + ݔ݀ݔ + ∫ඥݕ + +ݕ݀ܽ ܾ 

ݖ   = (ା௫)య మൗ

ଷ
ଶൗ

+ (௬ା)య మൗ

ଷ
ଶൗ

+ ܾ 

  or  ݖଷ ଶൗ = ݔ) + ܽ)ଷ ଶൗ + ݕ) + ܽ)ଷ ଶൗ + ܿ 

Exercise: 
Solve: 

 (1)  − ݍ = ଶݔ +  ଶݕ
 (2) ඥ +ඥݍ = ݔ +  ݕ
 (3)  − ଶݔ = ݍ +  ଶݕ
 (4) Solve ݍଶ −  = ݕ −  ݔ
Answers: 

ݖ (1)  = ଵ
ଷ

ଷݔ) − (ଷݕ + ݔ)ܽ + (ݕ + ܾ 
ݖ3 (2)  = ݔ) + ܽ)ଷ + ݕ) − ܽ)ଷ + ܾ 

ݖ (3)  = ௫య

ଷ
+ ݔܽ + ݕܽ − ௬య

ଷ
+ ܿ 

ݖ (4)  = (ା௫)మ

ଶ
+ ଶ

ଷ
(ܽ + ଷ(ݕ ଶൗ + ܿ 

Standard form IV: Non-linear equations of the form ࢠ = ࢞ + ࢟ +   (,)ࢌ
(Clairaut’s equation) Equations of the form ࢠ = ࢞ + ࢟ +  (,)ࢌ

An equation analogous to Clairaut’s ordinary differential equation ݕ = ݔ +  ()݂
The complete solution of the equation, 

ݖ    = ݔ + ݕݍ +  (1)…  (ݍ,)݂
  is ݖ = ݔܽ + ݕܾ + ݂(ܽ,ܾ) 

Let the required solution is ݖ = ݔܽ + ݕܾ + ܿ 



Partial Differential Equations   221 

Then  = డ௭
డ௫

= ܽ and ݍ = డ௭
డ௬

= ܾ and putting for ܽ and ܾ in (1). 

Example Problems 
Example 1: Solve ݖ = ݔ + ݕݍ +  .ݍ
Solution: Putting ܽ = ܾ and  =   :in the given equation, we get the complete solution as ݍ

ݖ   = ݔܽ + ݕܾ + ܾܽ 
Example 2: Solve ݖ = ݔ + ݕݍ − 2ඥݍ. 
Solution: Putting ܽ = ܾ and  =   ,in the given equation, we get the complete solution ݍ

  i.e., ݖ = ݔܽ + ݕܾ − 2√ܾܽ 
Example 3: Solve ݖݍ = ݔݍ)ଶ + (ଶ + ݕ)ଶݍ +  .(ଶݍ

Solution: ݖݍ = ݍଶ ቀݔ + మ


ቁ + ଶݍ ቀݕ + మ


ቁ 

  => ݖ = ܲ ቀݔ + మ


ቁ + ݍ ቀݕ + మ


ቁ 

  => ݖ = ݔ + ݕݍ + య


+ య


 

  Putting ܽ = ܾ and  =  ,in the above equation, we get the complete solution ݍ

  i.e., ݖ = ݔܽ + ݕܾ + య


+ య


 

Exercise: 
Solve: 

) (1)  + ݖ)(ݍ − ݔ − (ݕݍ = 1 
ݖ (2)  = ݔ + ݕݍ + ඥଶ + ଶݍ + 1 
ݖ (3)  = ݔ + ݕݍ +  ଶݍଶ
Answers: 

ݖ (1)  = ݔܽ + ݕܾ + ଵ
ା

 

ݖ (2)  = ݔܽ + ݕܾ + √ܽଶ + ܾଶ + 1 
ݖ (3)  = ݔܽ + ݕܾ + ܽଶܾଶ 

Charpit’s Method 
If the given equation cannot be reduced to any of the above four types of first order non-linear 

partial differential equations, then we use a method introduced by Charpit for solving all the partial 
differential equations of the first order. This method is known as Charpit’s method. 

Consider the equation 
,ݔ)ܨ   ,ݕ (ݍ,,ݖ = 0 …(1) 

Since ݖ depend on ݔ and ݕ, we have, 

  ܼ݀ = డ௭
డ௫
ݔ݀ + డ௭

డ௬
ݕ݀ = ݔ݀ܲ +  (2)…  ݕ݀ܳ

Now, if we can find another relation between ݕ,ݔ, ,,ݖ  ,such that ݍ
,ݕ,ݔ)݂   (ݍ,,ݖ = 0 …(3) 
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Then solving (1) and (3) for  and ݍ and substituting in equation (2), this will give the solution 
provided equation (2) is integrable. To determine ݂, differentiate equation (1) and (3) with respect to ݔ 
and ݕ so that, 

  డி
డ௫

+ డி
డ௭
 + డி

డ
∙ డ
డ௫

+ డி
డ
∙ డ
డ௫

= 0  …(4) 

  డ
డ௫

+ డ
డ௭
 + డ

డ
∙ డ
డ௫

+ డ
డ
∙ డ
డ௫

= 0  …(5) 

  డி
డ௬

+ డி
డ௭
 + డி

డ
∙ డ
డ௬

+ డி
డ
∙ డ
డ௬

= 0  …(6) 

  డ
డ௬

+ డ
డ௭
 + డ

డ
∙ డ
డ௬

+ డ
డ
∙ డ
డ௬

= 0  …(7) 

Eliminating డ
డ௫

 from equation (4) and (5), and డ
డ௬

 from equation (6) and (7), we get 

  ቀడி
డ௫
∙ డ
డ
− డ

డ௫
∙ డி
డ
ቁ + ቀడி

డ௭
∙ డ
డ
− డ

డ௭
∙ డி
డ
ቁ  + ቀడி

డ
∙ డ
డ
− డ

డ
∙ డி
డ
ቁ డ
డ௫

= 0  

  ቀడி
డ௬
∙ డ
డ
− డ

డ௬
∙ డி
డ
ቁ + ቀడி

డ௭
∙ డ
డ
− డ

డ௭
∙ డி
డ
ቁݍ + ቀడி

డ
∙ డ
డ
− డ

డ
∙ డி
డ
ቁ డ
డ௬

= 0  

Adding these two equations and using 

  డ
డ௫

= డమ௬
డ௫డ௬

= డ
డ௬

  

After rearrangement, we find that, 

  ቀ− డி
డ
ቁ డ
డ௫

+ ቀ− డி
డ
ቁ డ
డ௬

+ ቀ− డி
డ
− ݍ డி

డ
ቁ డ
డ௭

+ ቀడி
డ௫

+  డி
డ௭
ቁ డ
డ

+ ቀడி
డ௬

+ ݍ డி
డ௭
ቁ డ
డ

= 0  …(8) 

Equation (8) is Lagrange’s equation with ݕ,ݔ, ,,ݖ  as independent variable and ݂ as the ݍ
dependent variable. Its solution depends on the subsidinary equations 

ݔ݀
ିడி
డ

=
ݕ݀
ିడி
డ

=
ݖ݀

− డி
డ
− ݍ డி

డ

=
݀

డி
డ௫

+  డி
డ௭

=
ݍ݀

డி
డ௬

+ ݍ డி
డ௭

=
݂݀
0  

An integral of these equations, involving  or ݍ or both, can be taken as the required relation (3), 
which along with equation (1) will give the values of  and ݍ to make equation (2) integrable. 

Example Problems 
Example 1: Solve (ଶ + ݕ(ଶݍ =  .ݖݍ
Solution: Let ݕ,ݔ)ܨ, ,,ݖ (ݍ = ଶ) + ݕ(ଶݍ − ݖݍ = 0 …(1) 

  The subsidiary equations are: 

  ௗ௫
ିଶ௬

= ௗ௬
௭ିଶ௬

= ௗ௭
ି௭

= ௗ
ି

= ௗ
మ

 

  The last two fractions yield ݀ + ݍ݀ݍ = 0 
  which on integration gives 
ଶ   + ଶݍ = ܿଶ …(2) 

  In order to solve equations (1) and (2), put ଶ + ଶݍ = ܿଶ in equation (1) so that ݍ = మ௬
௭

 

  Now, substituting this value of ݍ in equation (2), we get 
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   = ܿට௭మିమ௬మ

௭
 

  Hence, ݀ݖ = ݔ݀ + ݕ݀ݍ = 
ଶ
ඥ(ݖଶ − ܿଶݕଶ)݀ݔ + మ௬

௭
 ݕ݀

  => ݖ݀ݖ − ܿଶݕ݀ݕ = ܿඥݖଶ − ܿଶݕଶ݀ݔ 

  => ൫ଵ ଶൗ ൯ௗ(௭మିమ௬మ)

ඥ௭మିమ௬మ
=  ݔ݀ܿ

  Integrating, we get the required solution as ݖଶ = (ܽ + ଶ(ݔܿ + ܿଶݕଶ 
Example 2: Solve 2ݔݖ − ଶݔ − ݕݔݍ2 + ݍ = 0. 
Solution: Let ܨ = ݔݖ2 − ଶݔ − ݕݔݍ2 + ݍ = 0 

  The Charpit’s auxillary equations are: 
ݔ݀
ିడி
డ

=
ݕ݀
ିడி
డ

=
ݖ݀

− డி
డ
− ݍ డி

డ

=
݀

డி
డ௫

+  డி
డ௭

=
ݍ݀

డி
డ௬

+ ݍ డி
డ௭

=
݂݀
0  

  Here,  ௗ
ଶ௭ିଶ௬

= ௗ


= ௗ௭
௫మିାଶ௫௬ି

= ௗ௫
௫మି

= ௗ௬
ଶ௫௬ି

= ௗி


 

  ∴ ݍ݀ = 0 => ݍ = ܽ 
  Substituting ݍ = ܽ in the given equation, we have 
ݔݖ2   − ଶݔ − ݕݔ2ܽ + ܽ = 0 
ଶݔ)   − ܽ) = ݖ)ݔ2 −  (ݕܽ

  =>  = ଶ௫(௭ି௬)
௫మି

 

  Substituting these values of ,  we have ,ݖ݀ in ݍ

ݖ݀   = ଶ௫(௭ି௬)
௫మି

ݔ݀ +  ݕ݀ܽ

  ௗ௭ିௗ௬
௭ି௬

= ଶ௫ௗ௫
௫మି

 

  Integrating, we get 
  log(ݖ − (ݕܽ = log(ݔଶ − ܽ) + log ܾ 
  => ݖ − ݕܽ = ଶݔ)ܾ − ܽ) 
  => ݖ = ݕܽ + ଶݔ)ܾ − ܽ) which is the complete integral of the given equation. 

Example 3: Solve ݍ)ଶ + 1) + (ܾ − ݍ(ݖ = 0. 
Solution: Let ݕ,ݔ)ܨ, ,,ݖ (ݍ = ଶݍ) + 1) + (ܾ − ݍ(ݖ = 0 

  Using Charpit’s auxiliary equations, 
݀
ݍ =

ݍ݀
ଶݍ =

ݖ݀
ଶݍ3 +  + (ܾ − ݍ(ݖ =

ݔ݀
ଶݍ + 1 =

ݕ݀
ݖ− + ܾ +  ݍ2

  (from the given equation, the third fraction reduces to ݀ݖ ଶൗݍ2 ). 

  From the first two fractions, after integration, we get 
ݍ   =  ܽ
  where ܽ is an arbitrary constant.  
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  This and the given equation determine the values of  and ݍ as:  

   = ඥ(௭ି)ିଵ


ݍ, = ඥܽ(ݖ − ܾ) − 1 

  Substituting these values in ݀ݖ = ݔ݀ +  we have ,ݕ݀ݍ

ݖ݀   = ቀௗ௫


+ ݖ)ቁඥܽݕ݀ − ܾ)− 1 

  Separating the variables and integrating, we get the solution as: 

  2ඥܽ(ݖ − ܾ) − 1 = ݔ + ݕܽ + ܾ 

Example 4: Find the complete integral of the equation 2(ݖ + ݔ + (ݍݕ =  .ଶݕ
Solution: ܨ = ݖ)2 + ݔ + (ݍݕ − ଶݕ = 0 

  The Charpit’s auxiliary equations are: 

  ௗ
ଶାଶ

= ௗ
ଶିమାଶ

= ௗ௭
ି(ଶ௫ିଶ௬)ିଶ௬

= ௗ௫
ିଶ௫ାଶ௬

= ௗ௬
ିଶ௬

  

  Taking first and fifth ratios, we have 

   ௗ


+ ଶௗ௬
௬

= 0 

  Integrating, we get 
ଶݕ   = ܽ 

  Substituting   = 
௬మ

 in the given equation, we get 

ݖ   + ௫
௬మ

+ ݍݕ = మ

ଶ௬య
 

  => ݍ = ି௭
௬
− ௫

௬య
+ మ

ଶ௬ర
 

  Substituting ݍ, in ݀ݖ = ݔ݀ +  we have ,ݕ݀ݍ

ݖ݀   = 
௬మ
ݔ݀ − ௭

௬
ݕ݀ − ௫

௬య
ݕ݀ + మ

ଶ௬ర
 ݕ݀

  or  ݖ݀ݕ + ݕ݀ݖ = ܽ ቀ௬ௗ௫ି௫ௗ௬
௬మ

ቁ+ మ

ଶ௬య
 ݕ݀

  Integrating, we get 

ݖݕ   = ௫
௬
− మ

ସ௬య
+ ܾ 

  => ݖ = ௫
௬మ
− మ

ସ௬ర
+ 

௬
 is the required solution.  

Example 5: Solve ଶ − ݍଶݕ = ଶݕ −  .ଶݔ
Solution: Let ݕ,ݔ)ܨ, ,,ݖ (ݍ = ଶ − ݍଶݕ − ଶݕ + ଶݔ = 0 …(1) 

  From Charpit’s auxiliary equations be 

  ௗ
ଶ௫

= ௗ
ିଶ௬ିଶ௬

= ௗ௭
ି(ଶ)ି(ିమ)

= ௗ௫
ିଶ

= ௗ௬
௬మ

 …(2) 

  Taking ௗ
ଶ௫

= ௗ௫
ିଶ

 , we get 

+݀   ݔ݀ݔ = 0 => ଶ + ଶݔ = ܽଶ …(3) 
  Solving (1) and (2) for  and ݍ, we get 
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   =  (ܽଶ − ଶ)ଵݔ ଶൗ  , and ݍ = ܽଶିݕଶ − 1 

ݖ݀   = ݔ݀ + ݕ݀ݍ = (ܽଶ − ଶ)ଵݔ ଶൗ ݔ݀ + (ܽଶିݕଶ −  ݕ݀(1
  Integrating, we get 

ݖ   = ௫
ଶ
√ܽଶ − ଶݔ + మ

ଶ
sinିଵ ቀ௫


ቁ − మ

௬
− ݕ + ܾ 

Example 6: Solve ݖଶ =  .ݕݔݍ
Solution: Let Charpit’s auxiliary equations be 

  ௗ௫
௫௬

= ௗ௬
௫௬

= ௗ௭
ଶ௫௬

= ௗ
௬ିଶ௬௭

= ௗ
௫ିଶ௭

 …(1) 

  These give ௫ௗାௗ௫
ିଶ௫௭

= ௬ௗାௗ௬
ିଶ௬௭

 

  or  ௗ൫

௫ൗ ൯

௫
= ௗ(௬)

௬
 

  Integrating, we get 
  logݔ = log ݕݍ + log ܾଶ 
  => ݔ =  (2)… (ଶܾ)ݕݍ
  Solving the equations (1) and (2) for  and ݍ, we get 

   = ௭
௫

 and ݍ = ௭
௬

 

  Putting these values in ݀ݖ = ݔ݀ +  we get ,ݕ݀ݍ

ݖ݀   = ௭
௫
ݔ݀ + ௭

௬
 ݕ݀

  or  ௗ௭
௭

= ܾ ௗ௫
௫

+ ଵ

ௗ௬
௬

 

  Integrating, we get 

log z = b log x +
1
b log y + log a 

  or  ݖ = ଵݕݔܽ ൗ  is the required solution. 
Example 7: Find the complete integral of ݍ =  .ଶ3
Solution: The given equation is ݕ,ݔ)ܨ, (ݍ,,ݖ = ଶ3 − ݍ = 0 …(1) 

  By Charpit’s auxiliary equations, 

  ௗ
ା∙

= ௗ
ା∙

= ௗ௭
ିమା

= ௗ௫


 

  We have, ݀ = 0 =>  = ܽ …(2) 
  Substituting this value in (1), we get 
ݍ   = 3ܽଶ …(3) 
  Putting these values in ݀ݖ = ݔ݀ +    we get ,ݕ݀ݍ
ݖ݀   = ݔ݀ܽ + 3ܽଶ݀ݕ 
  => ݖ = ݔܽ + 3ܽଶݕ + ܾ is required solution. 

Example 8: Solve ݔ + ݕݍ =  .ݍ
Solution: Let ܨ = ݔ + ݕݍ −  (1)… ݍ

  By Charpit’s auxiliary equations, 
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  ௗ௫
ି(௫ି)

= ௗ௬
ି(௬ି)

= ௗ௭
ି(௫ି)ି(௬ି)

= ௗ


= ௗ


 

  From the last two terms, we get 
   =  (2)… ݍܽ
  Solving the equations (1) and (2), we get 

ݍ   = ௬ା௫


 and  = ݕ +  ݔܽ

  Putting these values in ݀ݖ = ݔ݀ +  we get ,ݕ݀ݍ

ݖ݀   = ݕ) + ݔ݀(ݔܽ + ଵ


ݕ) +  ݕ݀(ݔܽ

  or  ܽ݀ݖ = ݕ) + ݕ݀)(ݔܽ +  (ݔ݀ܽ
  On integrating, we get 

ݖܽ   = ଵ
ଶ

ݕ) + ଶ(ݔܽ + ܾ which is required solution. 

Example 9: Solve ݕݔ + ݍ + ݕݍ =  .ݖݕ
Solution: Let ݕ,ݔ)ܨ, ,,ݖ (ݍ = ݕݔ + ݍ + ݕݍ − ݖݕ = 0 …(1) 

  By Charpit’s auxiliary equations, 
  ௗ௫

ି(௫௬ା)
= ௗ௬

ି(ା௬)
= ௗ௭

ି(௫௬ା)ି(ା௬)
= ௗ

௬ା(ି௬)
= ௗ

௫ା(ି௬)
 

  From 4୲୦ fraction, we get  
݀   = 0  or   = ܽ …(2) 
  Solving (1) and (2), for  and ݍ, we get 

   = ݍ   ,ܽ = ௬(௭ି௫)
ା௬

 

  Putting these values of  and ݍ in ݀ݖ = ݔ݀ +  we get ,ݕ݀ݍ

ݖ݀   = ݔ݀ܽ + ௬(௭ି௫)
ା௬

 ݕ݀

  or  ௗ௭ିௗ௫
௭ି௫

= ௬
ା௬

ݕ݀ = ቀ1− 
ା௬

ቁ݀ݕ 

  On integrating, we get 
  log(ݖ − (ݔܽ = ݕ − ܽ log(ܽ + (ݕ + log ܾ 
  or  (ݖ − ݕ)(ݔܽ + ܽ) = ܾ݁௬ 

Example 10: Solve ݖ = ݔଶ +  .ݕଶݍ
Solution: Let ݕ,ݔ)ܨ, ,,ݖ (ݍ = ݔଶ + ݕଶݍ − ݖ = 0 …(1) 

  By Charpit’s auxiliary equations, 

  ௗ௫
ିଶ௫

= ௗ௬
ିଶ௬

= ௗ௭
ିଶ(మ௫ାమ௬)

= ௗ
మି

= ௗ
మି

 

  These give 
మௗ௫ାଶ௫ௗ

మ௫
= మௗ௬ାଶ௬ௗ௬

మ௬
 

  On integrating, we get 
  logଶݔ = log ݕଶݍ + logܽ 
  ∴ ݔଶ  =  (2)… ݕଶݍܽ
  Solving equations (1) and (2) for  and ݍ, we get 
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ݍ   = ට
௭

(ଵା)௬
,  = ට

௭
(ଵା)௫

 

  Putting these values of  and ݍ in ݀ݖ = ݔ݀ +  we get ,ݕ݀ݍ

ݖ݀   = ቄ ௭
(ଵା)௫

ቅ
ଵ
ଶൗ ݔ݀ + ቄ ௭

(ଵା)௬
ቅ
ଵ
ଶൗ  ݕ݀

  or  √1 + ܽ ௗ௭
√௭

= √ܽ ௗ௫
√௫

+ ௗ௬

√௬
 

  Integrating, we get 

  ඥ(1 + ݖ(ܽ = ݔܽ√ +ඥݕ + ܾ is the required complete solution. 

Exercise: 
 (1) Find the complete integral of the equation ݍ = ݖ +  .ଶ(ݔ)
 (2) Solve (ଶ + ݕ(ଶݍ =  .ݖݍ
 (3) Solve ݖ = ݔ + ݕݍ + ଶ +  .ଶݍ

Answers: 
ݖݔ (1)  = ݔ√ܽ√2 + ݕܽ + ܾ 
ଶݖ (2)  = ܽଶݕଶ + ݔܽ) + ܾ)ଶ 
ݖ (3)  = ݔܽ + ݕܾ + ܽଶ + ܾଶ 

Homogeneous Linear Equations with Constant Coefficients 
An equation of the form, 

  డమ௭
డ௫

+ ݇ଵ
డమ௭

డ௫షభడ௬
+ … … … … + ݇

డ௭
డ௬

=  (1)… (ݕ,ݔ)ܨ

where, ݇ଵ,݇ଶ, … … … …݇ are constants is called a linear homogeneous partial differential equation of 
order ݊ with constant coefficients. 

Equation (1) can be written as:  
ܦ)   + ݇ଵܦܦᇱ +  … … … … + ݇ܦ)ݖ =  (2)… (ݕ,ݔ)ܨ
  or  ݂(ܦ,ܦᇱ)ݖ =  (ݕ,ݔ)ܨ

  where, ܦ = డ

డ௫
ܦ, = డ

డ௬
  and 

(ᇱܦ,ܦ)ܨ   = ܦ + ܽଵܦିଵܦᇱ +  … … … … + ܽܦ  

Solution of the Linear Partial Differential Equation with Constant Coefficients 
Equation (1) consists of two parts: 

 (i) Complementary function (C.F.) and  
 (ii) Particular integral (P.I.) 

(i) Method of finding C.F. for ࡲ(ࡰ,ࡰᇱ)ࢆ =  (࢟,࢞)ࡲ
Case I: If ݉ଵ,݉ଶ, … … … …݉ are ݊ distinct roots of the auxiliary equation of ܨ(ܦ,ܦᇱ)ܼ = 0, then 

its complementary function (C.F.) is 
ݖ   = ଵ݂(ݕ + ݉ଵݔ) + ଶ݂(ݕ + ݉ݔ) + … … … … + ݂(ݕ +݉ݔ)  
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Case II: When the auxiliary equation has a root ݉ which is repeated twice ′ݎ′ times, then its C.F. is 
ݖ   = ଵ݂(ݕ + (ݔ݉ + ଶ݂(ݕ + (ݔ݉ +  … … … … + ିଵݔ ݂(ݕ +    (ݔ݉

  Note: The auxiliary equation of ܨ(ܦ,ܦᇱ)ܼ = 0 can be obtained by taking 
ᇲ

= ݉ or ܦ = ݉, 
ᇱܦ = 1 in ܨ(ܦ,ܦᇱ) = 0.  

  i.e., A.E. is ݂(݉, 1) = ݉ + ܽଵ݉ିଵ + ܽଶ݉ିଶ + … … … … + ܽ = 0. 

(ii) Finding particular integral for ࡲ(ࡰ,ࡰᇱ)ࢆ = ,࢞)ࡲ  (࢟
Case I: If ݔ)ܨ,  then ݕ,ݔ in the given equation (1), is any function of (ݕ

  P.I. = ଵ
(,ᇲ)

,ݔ)ܨ  (ݕ

  and to find P.I., resolve ଵ
(,ᇲ)

 into partial fractions considering ݂(ܦ,ܦᇱ) as a function ܦ 
only and for each partial fraction use the following formula: 

  ଵ
ିᇲ

,ݔ)ܨ (ݕ = ,ݔ)ܨ∫ ܿ   ݔ݀(ݔ݉−

  where ܿ is an arbitrary constant which can be replaced by ݕ +  .after integrable ݔ݉
Case II: When (ݕ,ݔ)ܨ = ݁௫ା௬  

  P.I. = ଵ
(,ᇲ)

  ݁௫ା௬ =  ଵ
(,)

 ݁௫ା௬ provided ݂(ܽ, ܾ) ≠ 0 

  Note: If ݂(ܽ,ܾ) = 0 then 

  ଵ
(,ᇲ)

 ݁௫ା௬ =  ଵ
(,ᇲ)(ିᇲ)ೝ

 ݁௫ା௬  

   = ଵ
(,)

 ௫ೝ

!   ݁௫ା௬ 

Case III: When (ݕ,ݔ)ܨ = sin(ܽݔ + ݔܽ)or  cos (ݕܾ +  (ݕܾ

  P.I. = ଵ
(మ ,ᇲ,మ)

sin(ܽݔ + (ݕܾ = ଵ
(ିమ,ି,ିమ)

sin(ܽݔ +  (ݕܾ

  and 

  P.I. = ଵ
(మ ,ᇲ,మ)

cos(ܽݔ + (ݕܾ = ଵ
(ିమ,ି,ିమ)

cos(ܽݔ +    (ݕܾ

Case IV: When (ݕ,ݔ)ܨ =   :, where ݉ and ݊ are positive integers asݕݔ

  P.I. =  ଵ
(,ᇲ)

ݕݔ =  ݕݔଵି[(ᇱܦ,ܦ)݂]

  Now, expand [݂(ܦ,ܦᇱ)]ିଵ as an infinite series in ascending powers of ܦ or ܦᇱ using the 
binomial theorem and then operate on ݔݕ term by term. 

Case V: When (ݕ,ݔ)ܨ is a function of ܽݔ + (ݕ,ݔ)ܨ that is ,ݕܾ = ݔܽ)߰ +  ,(ݕܾ

  ଵ
(,ᇲ)

߰()(ܽݔ + (ݕܾ = ଵ
ி(,)

ݔܽ)߰ + (ܾ,ܽ)ܨ provided ,(ݕܾ ≠ 0  

  where ߰() is the ݊௧ derivative of ߰. 

Example Problems 

Example 1: Solve 2 డమ௭
డ௫మ

+ 5 డమ௭
డ௫డ௬

+ 2 డమ௭
డ௬మ

= 0. 

Solution: The given equation can be written as 
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ଶܦ2)   + ᇱܦܦ5 + ݖ(ଶܦ2 = 0 

  The auxiliary equation 2݉ଶ + 5݉ + 2 = 0 has the roots ݉ = −2, ିଵ
ଶ

. Hence, the complete 

solution is ݖ = ଵ݂(ݕ − (ݔ2 + ଶ݂ ቀݕ −
ଵ
ଶ
 .ቁݔ

Example 2: Solve డ
మ௭

డ௫మ
+ 6 డమ௭

డ௫డ௬
+ 9 డమ௭

డ௬మ
= 0. 

Solution: The given equation can be written as ݉ଶ + 6݉ + 9 = 0 has the roots ݉ = −3,−3 
and complete solution is ݖ = ଵ݂(ݕ − (ݔ3 + ݔ ଶ݂(ݕ −  .(ݔ3

Example 3: Solve డ
మ௭

డ௫మ
− డమ௭

డ௫డ௬
= cos ݔ cos  .ݕ2

Solution: The roots of the auxiliary equation of the given equation is ݉ = 0, 1 
  ∴ C.F. = ଵ݂(ݕ) + ଶ݂(ݕ +  (ݔ

  and P.I. = ଵ
మିᇲ

cos ݔ cos  ݕ2

   = ଵ
ଶ

ଵ
మିᇲ

[cos(ݔ + (ݕ2 + cos(ݔ −  [(ݕ2

  Putting ܦଶ = ᇱܦܦ,1 = −2  and  ܦଶ = ᇱܦܦ,1− = 2, we get  

  P.I. = ଵ
ଶ

cos(ݔ + (ݕ2 − ଵ


cos(ݔ −  (ݕ2

  Thus, the complete solution is   

ݖ   = ଵ݂(ݕ) + ଶ݂(ݕ + (ݔ + ଵ
ଶ

cos(ݔ + −(ݕ2 ଵ


cos(ݔ −  (ݕ2

Example 4: Solve డ
య௭

డ௫య
− 3 డయ௭

డ௫మడ௬
+ 2 డయ௭

డ௫డ௬మ
= 0. 

Solution: The auxiliary equation of the given equation ݂(ܦ,ܦᇱ)ݖ = ଷܦ) − ᇱܦଶܦ3 + ݖ(ଷܦ2 = 0 
is ݂(݉, 1) = ݉ଷ − 3݉ଶ + 2݉ = 0 whose roots are ݉ = 0, 1, 2.  
  Hence, the solution for three distinct roots of auxiliary equation  
ݖ   = ଵ݂(ݕ + ݉ଵݔ) + ଶ݂(ݕ + ݉ଶݔ) + ଷ݂(ݕ + ݉ଷݔ) becomes 
ݖ   = ଵ݂(ݕ) + ଶ݂(ݕ + (ݔ + ଷ݂(ݕ +  (ݔ2

Example 5: Solve డ
ర௬

డ௫ర
− డర௬

డ௬ర
= 0. 

Solution: Given equation is ݂(ܦ,ܦᇱ)ݖ = ൫ܦସ − ݖᇱସ൯ܦ = 0 
  Auxiliary equation is ݂(݉, 1) = 0 
  => ݉ସ − 1 = 0 
  => ݉ = −1,1 ± ݅ 
  Hence, the solution is ݖ = ଵ݂(ݕ − (ݔ + ଶ݂(ݕ + (ݔ + ଷ݂(ݕ + (ݔ݅ + ସ݂(ݕ −  (ݔ݅

Example 6: Solve డ
మ௭

డ௫మ
− 2 డమ௭

డ௫డ௬
+ డమ௭

డ௬మ
= ݁௫ାଶ௬ +  .ଷݔ

Solution: The given equation can be written in the form ݂(ܦ,ܦᇱ)ݖ = ݁௫ାଶ௬ +  ଷݔ

  where ݂(ܦ,ܦᇱ) = ଶܦ − ᇱܦܦ2 +  ᇱଶܦ
  The auxiliary equation of ݂(ܦ,ܦᇱ)ݖ = 0 is ݂(݉, 1) = ݉ଶ − 2݉ + 1 = 0 => ݉ = 1, 1 
  C.F. = ଵ݂(ݕ + (ݔ + ݔ ଶ݂(ݕ +  (ݔ
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  P.I. of ݂(ܦ,ܦᇱ)ݖ = ݁௫ାଶ௬ +  ଷ isݔ
   = ଵ

మିଶᇲାᇲమ
݁௫ାଶ௬ + ଵ

మ൬ଵିವ
ᇲ

ವ ൰
మ  ଷݔ

   = ଵ
ଵమିଶ.ଵ.ଶାଶమ

݁௫ାଶ௬ + ଵ
మ
ቀ1− ᇲ


ቁ
ିଶ
 ଷݔ

   = ݁௫ାଶ௬ + ଵ
మ
1 + 2ᇲ


+ 3ᇲమ

మ
+  … … … … ൨  ଷݔ

   = ݁௫ାଶ௬ + ଵ
మ

ଷݔ) + 0) = ݁௫ାଶ௬ + ௫ఱ

ଶ
 

  Now, complete integral of the given equation is  

ݖ   = ଵ݂(ݕ + (ݔ + ݔ ଶ݂(ݕ + (ݔ + ݁௫ାଶ௬ + ௫ఱ

ଶ
 

Example 7: Solve డ
మ௭

డ௫మ
+ డమ௭

డ௫డ௬
− 6 డమ௭

డ௬మ
= cos(2ݔ +  .(ݕ

Solution: The given equation is ݂(ܦ,ܦᇱ)ݖ = cos(2ݔ +  (ݕ
  where ݂(ܦ,ܦᇱ) = ଶܦ − ᇱܦܦ2 +  ᇱଶܦ
  The auxiliary equation of ݂(ܦ,ܦᇱ)ݖ = 0 is ݂(݉, 1) = ݉ଶ + ݉− 6 = 0 => ݉ = −3, 2 
  C.F. = ଵ݂(ݕ − (ݔ3 + ݔ ଶ݂(ݕ +  (ݔ2
  P.I. = ଵ

మାᇲିᇲమ
cos(2ݔ + ,ܽ)݂ where ,(ݕ ܾ) = 0 

      = ଵ
(ିଶᇲ)(ାଷᇲ)

cos(2ݔ +  (ݕ

   = ଵ
ିଶᇲ

∙ ଵ
ଶାଷ

sin(2ݔ +  (ݕ

   = ଵ
ହ

 ∙ ௫
ଵ!

sin(2ݔ +  (ݕ

   = ௫
ହ

sin(2ݔ +  (ݕ
  The general solution of the given equation is 
ݖ   = ଵ݂(ݕ − (ݔ3 + ݔ ଶ݂(ݕ + (ݔ2 + ௫

ହ
sin(2ݔ +  (ݕ

Example 8: Solve డ
మ௭

డ௫మ
+ డమ௭

డ௫డ௬
− 6 డమ௭

డ௬మ
= ݕ cos  .ݔ

Solution: Auxiliary equation ݂(݉, 1) = ݉ଶ +݉− 6 = 0 
   => (݉− 3)(݉ + 2) => ݉ = −2,3 
  C.F. = ଵ݂(ݕ − (ݔ2 + ଶ݂(ݕ +  (ݔ3
  P.I. = ଵ

(ିଶᇲ)(ାଷᇲ)
ݕ cos  ݔ

   = ଵ
ିଶᇲ ∫(ܿ + (ݔ3 cos ݔ  ݔ݀

   = ଵ
ିଶᇲ

[(ܿ + (ݔ3 sin ݔ − 3∫ sin ݔ  [ݔ݀

   = ଵ
ିଶᇲ

ݕ] sinݔ + 3 cos ∵ [ݔ  ܿ + ݔ3 =  ݕ

   = ∫[(ܿ − (ݔ2 sin ݔ + 3 cos  ݔ݀[ݔ
   = −(ܿ − (ݔ2 cos ݔ + ∫(−2) cos ݔ ݔ݀ + 3 sinݔ 
   = ݕ− cos ݔ + sin   ݔ
  The complete integral is 
ݖ   = ଵ݂(ݕ − (ݔ2 + ଶ݂(ݕ + (ݔ3 − ݕ cos ݔ + sin  ݔ
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Non-homogeneous Linear Partial Differential Equations 
If in ൫ܦ ᇱܦܦଵܭ+ + ⋯… … … + ݇ܦᇱ൯ݖ = ,ݔ)ܨ ݖ(ᇱܦ,ܦ)݂ or (ݕ = ,ݔ)ܨ  the polynomial ,(ݕ

 is not homogeneous, then the above equation is called a non-homogeneous linear partial (ᇱܦ,ܦ)݂
differential equation. Its complete solution consists of a complementary function and a particular 
integral. The methods for finding the particular integral are same as discussed above method, and to 
obtain complementary function, we factorize ݂(ܦ,ܦᇱ) into factors of the form ܦ ᇱܦ݉− − ܿ. Now, to 
find the solution of (ܦ ᇱܦ݉− − ݖ(ܿ = 0, which can be written as: 
   ݍ݉− =  (1)…  ݖܿ

The subsidiary equation is ௗ௫
ଵ

= ௗ௬
ି

= ௗ௭
௭

 
Its integrals are ݕ ݔ݉+ = ܽ, ݖ = ܾ݁௫  
Taking ܾ = ߶(ܽ), we get the solution of equation (1) as ݖ = ݁௫߶(ݕ +  The solutions .(ݔ݉

corresponding to the various factors, when added up, give the complementary function of the non-
homogeneous linear partial differential equation. 
Example Problems 

Example 1: Solve ൫ܦଶ + ᇱܦܦ2 + ᇱଶܦ − ܦ2 − ݖᇱ൯ܦ2 = sin(ݔ +  .(ݕ2
Solution: ݂(ܦ,ܦᇱ) = ܦ) + ܦ)(ᇱܦ + ᇱܦ − 2).  

  The solution corresponding to the factor ܦ ᇱܦ݉− − ܿ is  
ݖ   = ݁௫߶(ݕ   (ݔ݉+
  ∴ C.F. = ߶ଵ(ݕ − (ݔ + ݁ଶ௫߶(ݕ −  (ݔ
  and P.I. = ଵ

మାଶᇲାᇲమିଶିଶᇲ
sin(ݔ +  (ݕ2

   = ଵ
ିଵାଶ(ିଶ)ା(ିସ)ିଶିଶᇲ

sin(ݔ +  (ݕ2

   = ଵ
ଶ(ାᇲ)ାଽ

sin(ݔ +  (ݕ2

   = ଶ(ାᇲ)ିଽ
ସ(మାଶᇲାమ)ି଼ଵ

sin(ݔ +  (ݕ2

   = ଶ(ାᇲ)ିଽ
ସ[ିଵାଶ(ିଶ)ିସ]ି଼ଵ

sin(ݔ +  (ݕ2

   = ଵ
ଵଵ

{2[cos(ݔ + (ݕ2 + 2 cos(ݔ + −[(ݕ2 9 sin(ݔ +  {(ݕ2

   = ଵ
ଷଽ

[2 cos(ݔ + −(ݕ2 3 sin(ݔ +  [(ݕ2
  Thus, the complete solution is  
ݖ   = ߶ଵ(ݕ − (ݔ + ݁ଶ௫߶ଶ(ݕ − (ݔ + ଵ

ଷଽ
[2 cos(ݔ + (ݕ2 − 3 sin(ݔ +  [(ݕ2

Rules to Find Complementary Function in Case of Non-homogeneous Linear Partial Differential 
Equation 
 Rule I: If ܦ −݉ଵܦᇱ − ܿଵ,ܦ −݉ଶܦᇱ − ܿଶ, … … … … ܦ, −݉ܦᇱ − ܿ are ݊ distinct linear factors of 

ݖ(ᇱܦ,ܦ)݂ then its corresponding C.F. of ,(ᇱܦ,ܦ)݂ = ,ݔ)ܨ   :is given by (ݕ
  C.F.= ݁భ௫ ଵ݂(ݕ +݉ଵݔ) + ݁మ௫ ଶ݂(ݕ + ݉ଶݔ) + … … … … + ݁௫ ݂(ݕ + ݉ݔ) 
Rule II: If ܦ ᇱܦ݉− − ܿ is a linear factor of ݂(ܦ,ܦᇱ), which is repeated ݇ times, then its 

corresponding C.F. of ݂(ܦ,ܦᇱ)ݖ =  is (ݕ,ݔ)ܨ
  C.F.= ݁௫ ଵ݂(ݕ + (ݔ݉ + ௫݁ݔ ଶ݂(ݕ (ݔ݉+ + … … … … + ିଵ݁௫ݔ ݂(ݕ  (ݔ݉+
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Rule III: If ݂(ܦ,ܦᇱ) cannot be resolved into linear factors in ܦ and ܦᇱ, then the equation cannot be 
integrated by above methods. Hence, in a trial method, we take the solution corresponding to 
non-resolved factors as ݖ =  ௫ା௬ and substitute it in corresponding factors equation to݁ܣ∑
get the values of ℎ,݇. 

  Note: For ݂(ܦ,ܦᇱ)ݖ = ݁௫ା௬ܸ, where ܸ is a function of ݔ and ݕ then  

 P.I. = ଵ
(,ᇲ)

݁௫ା௬ܸ 

 = ݁௫ା௬ ∙ ଵ
(ାభᇲା)

∙ ܸ  

Example 2: Solve ൫ܦଶܦᇱ − ᇱଶܦܦ2 + ݖᇱ൯ܦܦ3 = 0. 
Solution: Given equation can be written as ܦܦᇱ(ܦ − ᇱܦ2 − ݖ(3 = 0 

  The factors of ݂(ܦ,ܦᇱ) are (ܦ − ᇱܦ0 − 0), ᇱܦ) − ܦ.0 − 0), ܦ) − ᇱܦ2 − 3) 
  ∴ The complete solution is 
ݖ   = ݁௫ ଵ݂(ݕ) + ݁௬ ଶ݂(ݔ) + ݁ଷ௫ ଷ݂(ݕ +  (ݔ2
  => ݖ = ଵ݂(ݕ) + ଶ݂(ݔ) + ݁ଷ௫ ଷ݂(ݕ +  (ݔ2

Example 3: Solve (ܦ − ᇱܦ2 − 1)൫ܦ − ᇱଶܦ2 − 1൯ݖ = 0. 
Solution: The C.F. corresponding to the linear factor ܦ − ᇱܦ2 − 1 is ݖ = ݁௫ ଵ݂(ݕ +  (ݔ2

  Since ൫ܦ − ᇱଶܦ2 − 1൯ cannot be resolved into product of linear factors, we take its 
corresponding C.F. as ݖ = ܦ௫ା௬ and substituting in ൫݁ܣ∑ − ᇱଶܦ2 − 1൯ݖ = 0, we get 
(ℎ − ଶܭ2 − ௫ା௬݁ܣ∑(1 = 0 or ℎ = 2݇ଶ + 1 

  Hence, its corresponding C.F. is ݖ =  ௫ା௬(ଶమାଵ)݁ܣ∑
  ∴ The complete solution of the given equation is 

  z = ݁௫ ଵ݂(ݕ + (ݔ2 +  ௬ା(ଶమାଵ)௫݁ܣ∑

Example 4: Solve డ
మ௭

డ௫డ௬
+ డ௭

డ௫
− డ௭

డ௬
− ݖ =  .ݕݔ

Solution: The given equation can be written symbolically, 
ᇱܦܦ)    + ܦ ᇱܦ− − ݖ(1 =  ݕݔ
  or  (ܦ − ᇱܦ)(1 + ݖ(1 =  ݕݔ
  C.F. = ݁௫ ଵ݂(ݕ) + ݁ି௬ ଶ݂(ݔ)  

  P.I. = ଵ
(ିଵ)(ᇲାଵ)

ݕݔ = ܦ)− − 1)ିଵ(ܦᇱ + 1)ିଵݕݔ 

   = −(1 + ܦ + ଶܦ +  … … … … )൫1 ᇱܦ− + ᇱଶܦ + … … … … ൯ݕݔ 

   = −(1 + ܦ + ଶܦ +  … … … … ݕݔ)( −  (ݔ
   = ݕݔ− + ݔ − ݕ + 1 
  Now, the complete solution is given by: 
ݖ   = ݁௫ ଵ݂(ݕ) + ݁ି௬ ଶ݂(ݔ) − ݕݔ + ݔ − ݕ + 1 

Example 5: Solve ଶడ
మ௭

డ௫డ௬
+ డమ௭

డ௬మ
− ଷడ௭

డ௬
= 3 cos(3ݔ −  .(ݕ2

Solution: Here, ݂(ܦ,ܦᇱ) = ᇱܦܦ2 + ᇱଶܦ − ᇱܦ3 = ܦ2) + ᇱܦ −  ᇱܦ(3
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  Now, (2ܦ + ᇱܦ − ݖ(3 = 0 gives us 2 + ݍ =  ݖ3
  The subsidiary equations are: 

  ௗ௫
ଶ

= ௗ௬
ଵ

= ௗ௭
ଷ௭

 

  Solving I and II fractions, we have 
ݕ2   − ݔ = ܽ 
  Solving II and III fractions, we have 
  log ݖ = ݕ3 + log ܾ => ݖ = ܾ݁ଷ௬  
  Taking ܾ = ߶(ܽ) we have 
  z = ݁ଷ௬߶(2ݕ −  (ݔ
  Now, taking the other factor  ܦᇱ, we have, 

ݖᇱܦ   = 0 => డ௭
డ௬

= 0 => ݖ = ଵ݂(ݔ) 

  C.F. = ଵ݂(ݔ) + ݁ଷ௬ ଶ݂(2ݕ −  (ݔ

  P.I. = ଵ
ଶᇲାᇲమିଷᇲ

3 cos(3ݔ −  (ݕ2

   = ଵ
ିଶ(ଷ)(ିଶ)ିସିଷᇲ

3 cos(3ݔ −  (ݕ2

   = ଷ(଼ାଷᇲ)

ସିଽᇲమ
cos(3ݔ −  (ݕ2

   = 3 ቂ଼ ୡ୭ୱ(ଷ௫ିଶ௬)ାୱ୧୬(ଷ௫ିଶ௬)
ସିଽ[ିସ]

ቃ 

   = 
ଶହ

cos(3ݔ − (ݕ2 + ଽ
ହ

sin(3ݔ −  (ݕ2

  ∴ The general solution of the given equation is 

ݖ   = ଵ݂(ݔ) + ݁ଷ௬ ଶ݂(2ݕ − (ݔ + 
ଶହ

cos(3ݔ − (ݕ2 + ଽ
ହ

sin(3ݔ −  (ݕ2

Example 6: Solve (ܦ − ᇱܦ3 − 2)ଶݖ = 2݁ଶ௫ tan(ݕ +  .(ݔ3
Solution: The given equation is (ܦ − ᇱܦ3 − 2)ଶݖ = 2݁ଶ௫ tan(ݕ +  (ݔ3

  Here, ܦ − ᇱܦ3 − 2 is twice repeated factor of ݂(ܦ,ܦᇱ) 
  Hence, the C.F. = ݁ଶ௫ ଵ݂(ݕ + (ݔ3 + ଶ௫݁ݔ ଶ݂(ݕ +  (ݔ3

  P.I. = ଵ
(ିଷᇲିଶ)మ

2݁ଶ௫ tan(ݕ +  (ݔ3

   = 2݁ଶ௫ ∙ ଵ
(ାଶିଷᇲିଶ)మ

tan(ݕ + ∵ቂ (ݔ3 ଵ
(,ᇲ)

݁௫ା௬ ∙ ܸ = ݁௫ା௬ ∙ ଵ
(ା,ᇲା)

ܸቃ 

   = 2݁ଶ௫ ∙ ଵ
(ିଷᇲ)మ

tan(ݕ +  (ݔ3

  Here, ݂(ܽ,ܾ) = [3 − 3(1)ଶ] = 0 
  Hence using the formula, 

  ଵ
(ିᇲ)

ݔܽ)߰ + (ݕܾ = ௫

!
ݔܽ)߰ +  (ݕܾ

  We get 

  P.I. = 2݁ଶ௫ ∙ ௫
మ

ଶ!
tan(ݕ +  (ݔ3
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   = ଶ݁ଶ௫ݔ tan(ݕ +  (ݔ3
  Now, the complete solution of the given equation is  
ݖ   = ݁ଶ௫ ଵ݂(ݕ + (ݔ3 + ଶ௫݁ݔ ଶ݂(ݕ + (ݔ3 + ଶ݁ଶ௫ݔ tan(ݕ +  (ݔ3

Example 7: Solve డ
మ௭

డ௫మ
− 2 డమ௭

డ௫డ௬
+ డమ௭

డ௬మ
= sin  .ݔ

Solution: The given equation is ൫ܦଶ − ᇱܦܦ2 + ݖᇱଶ൯ܦ = sin(1)… ݔ 
  A.E. is ݉ଶ − 2݉ + 1 = 0 => (݉− 1)ଶ = 0 => ݉ = 1, 1 
  ∴ C.F. = ଵ݂(ݕ + (ݔ + ݔ ଶ݂(ݕ +  (ݔ

  P.I. = ଵ
మିଶᇲାᇲమ

sin  ݔ

   = ଵ
ିଵିଶ()ା()మ

sin  ݔ

   = − sin  ݔ
 ∴ The general solution is 
ݖ    = ଵ݂(ݕ + (ݔ + ݔ ଶ݂(ݕ + (ݔ − sin  ݔ

Exercise: 

 (1) Solve ൫ܦଶ − ᇱܦܦ2 + ᇱଶ൯ܦ = ݕ) − 1)݁௫ . 

 (2) Solve ൫ܦଶ + ݖᇱଶ൯ܦ =  .ଶݕଶݔ

 (3) Solve ൫2ܦଶ − ᇱܦܦ5 + ݖᇱଶ൯ܦ2 = 5 sin(2ݔ +  .(ݕ

Answers: 
ݖ (1)  = ଵ݂(ݕ − (ݔ + ଶ݂(ݕ + (ݔ2 + ௫݁ݕ  

ݖ (2)  = ଵ݂(ݕ + (ݔ݅ + ଵ݂(ݕ − (ݔ݅ + ݅[ ଶ݂(ݕ + (ݔ݅ − ଶ݂(ݕ + [(ݔ݅ + ଵ
ଵ଼

ଶݕସݔ15) −  (ݔ

ݖ (3)  = ଵ݂(ݕ + (ݔ2 + ଶ݂(2ݕ + (ݔ − ଵ
ଷ
ݔ cos(ݕ +  (ݔ2

Separation of Variables 
Consider a partial differential equation of the form 

ܣ   డమ௭
డ௫మ

+ ܤ డమ௭
డ௫డ௬

+ ܥ డమ௭
డ௬మ

= ܨ ቀݕ,ݔ, ,ݖ డ௭
డ௫

, డ௭
డ௬
ቁ …(1) 

where, ܤ,ܣ and ܥ are continuous functions of ݔ and y, the derivatives are also continuous and                
,ݔ denotes a polynomial function of ܨ ,ݕ ,ݖ డ௭

డ௫
 and డ௭

డ௬
. 

Equation (1) is called hyperbolic if ܤଶ − ܥܣ4 > 0. 
Parabolic if ܤଶ − ܥܣ4 = 0, elliptic if ܤଶ − ܥܣ4 < 0. 
However, whether an equation is parabolic, ecliptic or hyperbolic, depends upon the values of 

 .in (1) ܥ and ܤ,ܣ

Thus, the equation డ
మ௨

డ௫మ
+ ݔ డమ௨

డ௬మ
+ డ௨

డ௬
= 0 is elliptic, when ݔ > 0 and is hyperbolic when ݔ < 0. 
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Partial differential equations of the second order are of great importance in physical problems. 
The differential equation which satisfies certain conditions at the boundary points is known as 
boundary value problem. The method used in finding the solutions of boundary value problems 
involving partial differential equation is known as “separation of variables”. 

Method of Separation of Variables 
Separation of variables is a powerful technique to solve partial differential equation. In this 

method, we assume the required solution of the given partial differential equation as: 
ݖ   = (ݔ)ܺ ∙  (1)… (ݕ)ܻ
where, ܺ(ݔ) is a function of ݔ alone and ܻ(ݕ) is a function of ݕ alone. Now, substituting ݖ and its 
partial derivatives in the given partial differential equation, it reduces to the form: 
  ݂(ܺ,ܺᇱ,ܺᇱᇱ … … … … ) = ݃(ܻ, ܻᇱ,ܻᇱᇱ … … … … )  …(2) 

which is separable in ܺ and ܻ. 
∵ The L.H.S. of the equation (2) is a function of ܺ alone and R.H.S. of the equation (2) is a 

function of ܻ alone, then each side of (2) must be a constant say ݇. The equation (2) reduces to the 
ordinary differential equation, 
   ݂(ܺ,ܺᇱ,ܺᇱᇱ … … … … ) = ݇ …(3) 
  and   ݃(ܻ,ܻᇱ,ܻᇱᇱ … … … … ) = ݇ …(4) 

Now, the complete solution of the given partial differential equation is the product of the 
solutions of the equations (3) and (4). 

Example Problems 

Example 1: Solve డ
మ௭

డ௫మ
− 2 డ௭

డ௫
+ డ௭

డ௬
= 0. 

Solution: We assume the solution of the given equation in the form ݖ =   (ݕ)ܻ.(ݔ)ܺ
  where, ܺ is a function of ݔ alone and ܻ is a function of ݕ alone. 
  Now from ܼ, we get  

  డ௭
డ௫

= ܺᇱܻ, డ
మ௭

డ௫మ
= ܺᇱᇱݕ, డ௭

డ௬
= ܻܺᇱ  

  Substituting these values in the given differential equation, we get 
  ܺᇱᇱܻ − 2ܺᇱܻ + ܻܺᇱ = 0 

  where, ܺᇱ = ௗ
ௗ௫

 and ܻᇱ = ௗ
ௗ௬

  and  ܺᇱᇱ = ௗమ
ௗ௫మ

 

  Separating the variables in the above equation, we get 

   ᇲᇲିଶᇲ


= ିᇲ


= ݇(say) 

  or  ܺᇱᇱ − 2ܺᇱ − ݇ܺ = 0  and  ܻᇱ + ܻ݇ = 0 
  Auxiliary equation of the above equations are ݉ଶ − 2݉− ݇ = 0 and ݉ᇱ + ݇ = 0 

  ݉ = ଶ±√ସାସ
ଶ

= 1 ± √1 + ݇  and  ݉ᇱ = −݇ 

  The solutions of the above equations are: 

  ܺ = ܿଵ݁൫ଵା√ଵା൯௫ + ܿଶ݁൫ଵି√ଵା൯௫  and  ܻ = ܿଷ݁ି 
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  Now, the solution of the given differential equation is: 

ݖ   = (ݔ)ܺ ∙ (ݕ)ܻ = ቂܿଵ݁൫ଵା√ଵା൯௫ + ܿଶ݁൫ଵି√ଵା൯௫ቃ ܿଷ݁ି௬ 

   = ቂܾଵ݁൫ଵା√ଵା൯௫ + ܾଶ݁൫ଵି√ଵା൯௫ቃ ݁ି௬ 

Example 2: Solve 3 డ௭
డ௫

+ 2 డ௭
డ௬

= 0 with ݔ)ݖ, 0) = 4݁ି௫. 

Solution: Assume the solution of the given equation as 

ݖ    = (ݔ)ܺ ∙ (ݕ)ܻ => డ௭
డ௫

= ܺᇱܻ, డ௭
డ௬
ܻܺᇱ 

  Substituting ݖ, డ௭
డ௫

, డ௭
డ௬

 in the given equation, we get  

   3ܺᇱܻ + 2ܻܺᇱ = 0 

  or   
ᇲ


= ିଶᇲ

ଷ
= ݇(say) 

  Solving ܺᇱ − ݇ܺ = 0 and 2ܻᇱ + 3ܻ݇ = 0, we get 

(ݔ)ܺ   = ܿଵ݁௫ and ܻ = ܿଶ݁
షయ
మ ௬ 

  Now, the solution of the given equation is: 

ݖ   = (ݔ)ܺ ∙ (ݕ)ܻ = ܿଵ݁௫ ∙ ܿଶ݁ି
ଷ
ଶൗ ௬ = ܿ݁

షೖ
మ

(ଶ௫ିଷ௬) 
  Given that ݔ)ݖ, 0) = 4݁ି௫ 
  => ܿ݁௫ = 4݁ି௫ 
  => ܿ = 4, ݇ = −1 
  Now, the required particular solution is: 

ݖ   = 4݁ିଵ ଶൗ (ଶ௫ିଷ௬) 

Example 3: Solve డ
మ௭

డ௫మ
+ 4 డమ௭

డ௬మ
= 0. 

Solution: We assume the solution of the form  
ݖ   = (ݔ)ܺ ∙  (1)… (ݕ)ܻ
  where, ܺ is a function of ݔ alone and ܻ is a function of ݕ alone. 
  From equation (1), the given equation reduced to:  
  ܺᇱᇱܻᇱ + 4ܻᇱᇱܺ = 0 …(2) 

  where, ܺᇱᇱ = ௗ
ௗ௫

, ܻᇱᇱ = ௗ
ௗ௬

 etc. 

  Equation (2) can be written as: 

  
ᇲᇲ


= ିସᇲᇲ


 

  Here, ܺ
ᇱᇱ
ܺൗ , is a function of ݔ, does not change when ݕ alone changes and −4ܻ

ᇱᇱ
ܻൗ  does 

not change when ݔ alone changes. Hence, the two ratios will be equal only when both are 
equalto the same constant ݇, i.e., when,  

  ܺᇱᇱ = ݇ܺ,−4ܻᇱᇱ = ܻ݇ …(3) 
  The solutions of these ordinary differential equations (3) for ݇ > 0 are:  

  ܺ = ܽଵ݁√௫ + ܽଶ݁ି√௫  
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  ܻ = ܽଷ sin ቀଵ
ଶ
+ቁݕ݇√ ܽସ cos ቀଵ

ଶ
 ቁ …(4)ݕ݇√

  Now, equations (1) and (4) satisfy the given equation for any value of ݇. Hence, in 
accordance with the principle of adding of solutions of linear equations, the solution of the 
given equation can be written as: 

ݖ   = ∑ ܺ ܻ = ∑ ቄ݁√௫ ቂܽ sin ቀଵ
ଶ
ቁݕ݇√ + ܾ cos ቀଵ

ଶ
+ቁቃݕ݇√ ݁ି√௫ ቂܿସ sin ቀଵ

ଶ
ቁ+ݕ݇√

                              ݀ସ cos ቀଵ
ଶ
 ቁቃቅ …(5)ݕ݇√

  where, ݇ may take the values of any finite set of positive numbers. If ݇ takes the values 
ଶܭ,ଵܭ … … … …, then equation (5), involving an infinite series, is a valid solution within its 
region of absolute convergence. 

  If ݇ is negative, the sin-cosine part of the solution would go with ܺ and the exponantal part 
with ܻ, when ݇ = 0, we have, 

  ܺ = ܿଵݔ + ܿଶ,ܻ = ܿଷݕ + ܿସ 

Exercise: 

 (1) Solve  డ
మ௭

డ௫మ
− డ௭

డ௬
= 0. 

 (2) Solve  2ݔ డ௭
డ௫

= ݕ3 డ௭
డ௬

. 

Answers: 

ݖ (1)  = ቀ݁ܣ√௫ + ௫ቁ√ି݁ܤ ݁ଶ௫ 

ݖ (2)  = ݔܣ
ೖ
మ ∙ ݕ

ೖ
య 

Practical Question Bank with Answers 
(1) Form the partial differential equations, by eliminating the arbitrary constants from                   z=

ଶݔ) + ଶݕ)(ܽ + ܾ). 
Solution: Given equation is ܼ = ଶݔ) + ଶݕ)(ܽ + ܾ) …(1) 

  Differentiating equation (1) with respect to ݔ, we get 

  డ௭
డ௫

= ଶݕ)ݔ2 + ܾ) 

   = ଶݕ)ݔ2 + ܾ) 

  
ଶ௫

= ଶݕ) + ܾ) …(2) 

  Differentiating equation (1) with respect to ݕ, we get 

  డ௭
డ௬

= ଶݔ)ݕ2 + ܽ) 

ݍ   = ଶݔ)ݕ2 + ܽ) 

  
ଶ௬

= ଶݔ) + ܽ) …(3) 

  From (2) and (3), we get 

ݖ   = 
ଶ௫
∙ 
ଶ௬
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ݖݕݔ4   =  ݍ
  which is the required differential equation. 
(2) Find the differential equations of all planes which are at a constant distance ݎ from the origin. 

Solution: Equation of all the planar which are at a constant distance ݎ from origin is 
ݔܽ   + ݕܾ + ݖܿ =  (1)…  ݎ
  with ܽଶ + ܾଶ + ܿଶ = 1 …(2) 
  From (2), we get 

  ܿ = √1− ܽଶ − ܾଶ 
  Differentiating (1) partially with respect to ݔ, we get 

  ܽ + ܿ డ௭
డ௫

= 0      ቀ∵ డ௭
డ௫

=  = ି

ቁ , ܽ + ܿ = 0 

  ܽ =  (3)… ܿ−
  Differentiating (1) partially with respect to ݕ, we get 

  ܾ + ܿ డ௭
డ௬

= 0 ቀడ௭
డ௬

= ݍ = ି

ቁ ,ܾ + ݍܿ = 0    

  ܾ =  (4)… ܿݍ−
  Substituting ܽ and ܾ in (2), we get 
ଶܿଶ   + ଶܿଶ+ܿଶݍ = 1 

  ଵ


= ඥଶ + ଶݍ + 1 …(5) 

  From (1), we have 

  z = 

− 


ݔ − 


 ݕ

  From (3), (4) and (5), we have 

ݖ   = ݔ + ݕݍ + ଶඥݎ + ଶݍ + 1. 
(3) Form the partial differential equation by eliminating the arbitrary functions from               
ଶݔ)ܨ  + ݖ,ଶݕ − (ݕݔ = 0.  

Solution: Given ߶(ݔଶ + ݖ,ଶݕ − (ݕݔ = 0 
  Let ݑ = ଶݔ + ݒ,ଶݕ = ݖ −  :so that the given relation is ݕݔ
(ݒ,ݑ)ܨ   = 0  …(1) 
  Differentiating (1) with respect to ݔ and ݕ, we get 

  డథ
డ௨

(ݔ2) + డథ
డ௩

) − (ݕ = 0 …(2) 

  డథ
డ௨

(ݕ2) + డథ
డ௩

ݍ) − (ݔ = 0 …(3) 

  Eliminating డథ
డ௨

 and డథ
డ௩

 from (2) and (3), we get 

  ฬ2ݔ  − ݕ
ݕ2 ݍ − ฬݔ = 0 

ݍ)ݔ2   − (ݔ − )ݕ2 − (ݕ = 0 
ݔݍ   − ଶݔ − ݕ + ଶݕ = 0 
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ݕ−   + ݔݍ = ଶݔ −  ଶݕ
ݕ   − ݔݍ = ଶݕ −   ଶݔ
  which is required partial differential equation.  
(4) Solve ݔଶ(ݖ − (ݕ + ݔ)ଶݕ − ݍ(ݖ = ݕ)ଶݖ −  .(ݔ

Solution: Given equation can be written as ݔଶ(ݖ − (ݕ + ݔ)ଶݕ − ݍ(ݖ = ݕ)ଶݖ −  (ݔ

   ௗ௫
௫మ(௭ି௬)

= ௗ௬
௬మ(௫ି௭)

= ௗ௭
௭మ(௬ି௫)

 

  or  ௗ௫
௫మ(௬ି௭)

= ௗ௬
௬మ(௭ି௫)

= ௗ௭
௭మ(௫ି௬)

 

  Each fraction =
భ
ೣమ
ௗ௫ା భ

మ
ௗ௬ା భ

మ
ௗ௭


 

   and also =
భ
ೣௗ௫ା

భ
ௗ௬ା

భ
ௗ௭


 

  ∴  ଵ
௫మ
ݔ݀ + ଵ

௬మ
ݕ݀ + ଵ

௭మ
ݖ݀ = 0  and  ଵ

௫
ݔ݀ + ଵ

௬
ݕ݀ + ଵ

௭
ݖ݀ = 0 

  On integration, we get 

  ଵ
௫

+ ଵ
௬

+ ଵ
௭

= ܿଵ  and  log ݔ + logݕ + log ݖ = log ܿଶ 

  i.e.,  ଵ
௫

+ ଵ
௬

+ ଵ
௭

= ܿଵ  and  ݖݕݔ = ܿଶ 

  Hence, the required solution is ܨ ቀଵ
௫

+ ଵ
௬

+ ଵ
௭

, ቁݖݕݔ = 0. 

(5) Solve ݖ)ݔଶ − (ଶݕ + ଶݔ)ݕ − ݍ(ଶݖ = ଶݕ)ݖ −  .(ଶݔ
Solution: The subsidiary equations are: 

  ௗ௫
௫(௭మି௬మ)

= ௗ௬
௬(௫మି௭మ)

= ௗ௭
௭(௬మି௫మ)

 

  Using multipliers ݕ,ݔ,   we get ,ݖ

  Each fraction =  ௫ௗ௫ା௬ௗ௬ା௭ௗ௭
௫మ(௭మି௬మ)ା௬మ(௫మି௭మ)ା௭మ(௬మି௫మ)

= ௫ௗ௫ା௬ௗ௬ା௭ௗ௭


 

  => ݔ݀ݔ + ݕ݀ݕ + ݖ݀ݖ = 0 
  On integration, we get 
ଶݔ   + ଶݕ + ଶݖ = ܿଵ 

  Again, 
ௗ௫ ௫ൗ
௭మି௬మ

=
ௗ௬

௬ൗ

௫మି௭మ
=

ௗ௭ ௭ൗ
௬మି௫మ

 

   =
൫ௗ௫ ௫ൗ ൯ାቀௗ௬ ௬ൗ ቁା൫ௗ௭ ௭ൗ ൯

௭మି௬మା௫మି௭మା௬మି௫మ
=

൫ௗ௫ ௫ൗ ൯ାቀௗ௬ ௬ൗ ቁା൫ௗ௭ ௭ൗ ൯


 

  => ௗ௫
௫

+ ௗ௬
௬

+ ௗ௭
௭

= 0 

  On integration, we get 
  log ݔ + logݕ + log ݖ = log ܿଶ 
  => log(ݖݕݔ) = log ܿଶ => ݖݕݔ = ܿଶ 
  ∴ The given solution is ݖݕݔ = ଶݔ)݂ + ଶݕ +  (ଶݖ
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(6) Solve )ݖଶ − (ଶݍ = ݔ −  .ݕ
Solution: The given equation can be written as: 

  ቀ√ݖ డ௭డ௫ቁ
ଶ
− ቀ√ݖ డ௭డ௬ቁ

ଶ
= ݔ −  ݕ

  Taking √ݖ݀ݖ = ܼ݀,  i.e.,  ܼ = ଶ
ଷ
ଷݖ ଶൗ , we get 

  ቀడ
డ௫
ቁ
ଶ
− ቀడ

డ௬
ቁ
ଶ

= ݔ −  ݕ

  => ܲଶ −ܳଶ = ݔ − ܲ where  ,ݕ = డ
డ௫

,ܳ = డ
డ௬

 

  => ܲଶ − ݔ = ܳଶ −  ݕ
  Let ܲଶ − ݔ = ܳଶ − ݕ = ܽ that 

  ܲ = √ܽ + ܳ,ݔ = ඥܽ +   ݕ

 Then the complete solution is: 

ݖ   = ∫√ܽ + ݔ݀ݔ + ∫ඥݕ + +ݕ݀ܽ ܾ 

ݖ   = (ା௫)య మൗ

ଷ
ଶൗ

+ (௬ା)య మൗ

ଷ
ଶൗ

+ ܾ 

  or  ݖଷ ଶൗ = ݔ) + ܽ)ଷ ଶൗ + ݕ) + ܽ)ଷ ଶൗ + ܿ 
(7) Solve ݖ = ݔ + ݕݍ +  .ଶݍଶ

Putting  = ݍ,ܽ = ܾ in the given equation, we get the complete solution. 
i.e.,  ݖ = ݔܽ + ݕܾ + ܽଶܾଶ 

(8) Solve ݖଶ =  .ݕݔݍ
Solution: Let Charpit’s auxiliary equations, 

  ௗ௫
௫௬

= ௗ௬
௫௬

= ௗ௭
ଶ௫௬

= ௗ
௬ିଶ௬௭

= ௗ
௫ିଶ௭

 …(1) 

  These give ௫ௗାௗ௫
ିଶ௫௭

= ௬ௗାௗ௬
ିଶ௬௭

 

  or  ௗ൫

௫ൗ ൯

௫
= ௗ(௬)

௬
 

  Integrating,  we get 
logݔ = log ݕݍ + log ܾଶ 

  => ݔ =  (2)… (ଶܾ)ݕݍ
  Solving the equations (1) and (2) for  and ݍ, we get 

   = ௭
௫

 and ݍ = ௭
௬

 

  Putting these values in ݀ݖ = ݔ݀ +  we get ,ݕ݀ݍ

ݖ݀   = ௭
௫
ݔ݀ + ௭

௬
 ݕ݀

  or ௗ௭
௭

= ܾ ௗ௫
௫

+ ଵ

ௗ௬
௬

 

  Integrating, we get 
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  log ݖ = ܾ log ݔ + ଵ


logݕ + logܽ 

  or  ݖ = ଵݕݔܽ ൗ  is the required solution.  
(9) Solve ݖଶ(ଶ + (ଶݍ = ଶݔ +  .ଶݕ

Solution: Given ݖଶ(ଶ + (ଶݍ = ଶݔ +  ଶ …(1)ݕ

  Let ݖ = ଵ
ଶ
ݖ => ܼ݀ =  ݖ݀ݖ

  ∴ ଶଶݖ  = ଶ(ݖ) = ቀݖ డ௭
డ௫
ቁ
ଶ

= ቀడ
డ௫
ቁ
ଶ

= ܲଶ 

ଶݍଶݖ   = ଶ(ݍݖ) = ቀݖ డ௭
డ௬
ቁ
ଶ

= ቀడ
డ௬
ቁ
ଶ

= ܳଶ 

  Substituting in (1), we get 
  => ܲଶ + ܳଶ = ଶݔ + ଶݕ => ܲଶ − ଶݔ = ܽଶ,ܳଶ − ଶݕ = ܽଶ 

  => ܲ = √ܽଶ + ଶݔ ,ܳ = ඥܽଶ +  ଶݕ
  Now, ݀ݖ = ݔ݀ܲ +  ݕ݀ܳ

ݖ݀   = ൫√ܽଶ + ݔଶ൯݀ݔ + ൫ඥܽଶ +  ݕଶ൯݀ݕ
  Integrating, we get 

ݖ   = ௫√మା௫మ

ଶ
+ మ

ଶ
sinhିଵ ௫


+ ௬ඥమା௬మ

ଶ
+ మ

ଶ
sinhିଵ ௬


+ ܾ 

  ∴ General solution is 

ଶݖ   = ଶܽ√ݔ + ଶݔ + ܽଶ sinhିଵ ௫


+ ඥܽଶݕ + ଶݕ + ܽଶ sinhିଵ ௬


+ ܾ 

  where ܽ and ܾ are arbitrary constants. 
(10) Solve ݎ + ݏ − ݐ6 = cos(2ݔ +  .(ݕ

Solution: Given partial differential equation is ൫ܦ௫ଶ + ௬ܦ௫ܦ − ௬൯ܦ6
ଶ
ݖ = cos(2ݔ +  (ݕ

  The auxiliary equation is (by replacing ܦ௫  with ′݉′ and by with ′1′) 
  ݉ଶ + ݉− 6 = 0 
  => ݉ = 2,−3 
  Complimentary function ݖ = ߶ଵ(ݕ + (ݔ2 + ߶ଶ(ݕ −  (ݔ3

  Particular integration ݖ = ଵ
ೣమାೣିమ

cos(2ݔ +  (ݕ

  Replace ܦ௫ଶ by −ܽଶ;ܦ௬ଶ by −ܾଶ,ܦ௫ܦ௬  with –ܾܽ 
  Here, ܽ = 2,ܾ = 1 

ݖ   = ଵ
ିସିଶା

cos(2ݔ +  (ݕ

  Rewriting ݂൫ܦ௫ ௫ܦ௬൯ as ൫ܦ, − ௫ܦ௬൯൫ܦ2 +  ௬൯ܦ3

  Let, ݖ = ଵ
൫ೣାଷ൯൫ೣିଶ൯

cos(2ݔ +  (ݕ

   = ଵ
൫ೣାଷ൯

∫ cos(2ݔ +  (ݕ

   = ଵ
ೣାଷ

∫ cos ܿ (let 2ݔ + ݕ = ܿ) 
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   = ଵ
ೣାଷ

cos ܿ ݔ1݀∫ = ଵ
ೣାଷ

ݔ cos ܿ 

ݖ    = ଵ
ೣାଷ

ݔ cos(2ݔ +  (ݕ

  Let   ݕ = ܿ +  ݔ3
  => ݖ = ݔ∫ cos(5ݔ + ܿ)  ݔ݀

  = ௫ ୱ୧୬(ହ௫ା)
ହ

− ∫ ୱ୧୬(ହ௫ା)
ହ

 ݔ݀

  = ௫ ୱ୧୬(ହ௫ା)
ହ

+ ୡ୭ୱ(ହ௫ା)
ଶହ

 

  ∴ ܿ = ݕ −  ݔ3

  => ݖ = ௫ ୱ୧୬(ଶ௫ା௬)
ହ

+ ୡ୭ୱ(ଶ௫ା௬)
ଶହ

   


