Partial Differential Equations

Partial Differential Equations

A partial differential equation is an equation in which x and y represent the independent
variables and z the dependent variable so that z = f(x,y).

0z _  d*z _ 8%z 9%z _ ¢

. 0z
We al he notations —=p, —=q, — =1, — =
¢ also use the notations . p, 3y q, o ' oxdy ' 3y

a
Order of a Partial Differential Equation

The order of a partial differential equation is the order of the highest partial derivative occurring
in the equation and its degree is the degree of their derivative.

0z 0z
For example, (1) xo-+ Yy, =Nz

Here, z is dependent and x, y are independent and this equation is of order one and degree one.

Here, v is dependent and x, y, z are independent and this equation is of order two and degree
one.

Partial differential equations will play an important role in the study of wave equation, heat
equation, electromagnetism, radar, ratio, television and other fields.

Formation of Partial Differential Equation
Partial differential equation can be obtained by:
(i) Elimination of arbitrary constants

(i) Elimination of arbitrary functions involving two or more variables.

(i) Elimination of Arbitrary Constants
Let f(x,y,z,a,b) =0 ..(D
be an equation involving two arbitrary constants ‘a’ and 'b’. Differentiating this equation partially
with respect to x and y, we get

Z—§+g—’;(g—i)=0 )
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o 3 (22)
ay+az 3y =0 ...(3)
By eliminating a, b from equation (1), (2) and (3), we get an equation of the form

fxy,zp,q) =0 (4
which is a partial differential equation of first order.

Example Problems

Example 1: By eliminating the constant, obtain the partial differential equation from the relation
2 2

X Yy
2Z—;+b—2.

Solution: Given 2z = i + i (D
. —+5

Differentiating equation (1) with respect to x,
oz _ 2
ax a2

a_z x

2

dx a

_x
p_az

p_ 1

x a?

Differentiating equation (1) with respect to y,
9z _ 2y
dy b2

Substituting % ,b—12 in equation (1), we get the required partial differentiation equation
_ 2P 24

2z =x " +y 5

2z =px+qy

Example 2: Form the partial differential equations, by eliminating the arbitrary constants from
z=(x*+a)(y?+Db).

Solution: Given equation is z = (x + a)(y? + b) ..(1)
Differentiating equation (1) with respect to x, we get
0z _ 2
P 2x(y* +b)
p =2x(y?+b)
r _ 2
2= 5+ Db) )

Differentiating equation (1) with respect to y, we get

0z _ 2
oy = 2y(x* +a)
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q=2y(x*+a)
a _ .2
Zy—(x +a)

From (2) and (3), we obtain,

4.7
_2x 2y
4xyz = pq

which is the required differential equation.

..(3)

Example 3: Find the differential equations of all planes which are at a constant distance r from

the origin.
Solution: Equation of all the planes which are at a constant distance r from origin is:
ax+by+cz=r
witha? +b? +c? =1

From (2), we have

c=+V1—a?-— b2

Differentiating (1) partially with respect to x, we get
0z 0z -a

atc =0 ( a—p—T),a+cp—0

a=-pc

Differentiating (1) partially with respect to y, we get
0z 0z -b
b+c£—0 (g—q——),b+cq—0

C
b =—qc
Substituting a and b in (2), we get
pZc? + q*ct+ct =1
L T rE Al
From (1), we have

Z_r ax b
T ¢ ¢ cy

From (3), (4) and (5), we have

Zz=px+qy+ryp?+q*+1

(D
.2

..(3)

(@)

..(5)

Example 4: Form the partial differentiation equation from z = ax? + by? + ab, by eliminating

arbitrary constants a and b.
Solution: Differentiating z = ax? + by? + ab

partially with respect to x, we get

0z _ _ r _
ax—2ax=>p_2ax=>2x—a

Differentiating (1) partially with respect to y, we get
9

Z_ _ i_
5—2by:>q—2by=>2y—b

(D
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Substituting a and b in equation (1), we get
—(P),2 4)y2 P 9
Z= (Zx)x +(2y)y +2x 2y
4xyz = pq + 2px%y + 2qy?x
This is the required partial differential.

2

2 2
Example 5: Form a partial differential equation by eliminating a, b and ¢ from % + Jb% + i—z =1.

2

2 2
Solution: Let%+%+%= 1 (1)

Differentiating (1) partially with respect to x, we get
2x 2z 0z

T2 Z-p

a? ' ¢ ax

czx+azzz—i=0 ..(2)
Differentiating (1) partially with respect to y, we get

2y 2 0z _

bZz  c% oy
czy+bzzz—;=0 .3
Since there are three constants, again differentiating (2) with respect to x, we get

c? +a? (z—i)z + azzg =

c? = —a?(p?+ zr)

Substituting ¢? in equation (2), we get

—a’(p?+zr)x+a’zp =0

—a?(xp® +xzr —zp) =0

xp?+xzr —zp =0

which is second order partial differential equation.

Note: We can differentiate (3) with respect to y also so that we get yq? + yzr — zq = 0. So, we
understand that more partial differential equations for a given relation between variables.

Example 6: Form a partial differential equation by eliminating the arbitrary constants h and k
from (x — h)? + (y — k)? + z% = 2.
(or)
Find the partial differential equation of a family of sphere with centre in xy-plane and having
radius c.

Solution: The equation of a family of sphere with centre in xy-plane and having radius c is
(x—h)2+(@y—k)?+2z2=c?
Differentiating above equation with respect to x and y, we get
2(x—h)+22§—i=0=>x—h=—zp
and2(y—k)+22§—;=0=>y—k=—zq
Substituting x — h and y — k in given relation, we get
Z2p2 +Z2q2 +Z2 — C2 3Z2(p2 +q2 + 1) — C2
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which is the required partial differential equation.

Example 7: Form the differential equations of all planes whose x-intercept is always equal to
the y-intercept.

Solution: Equation of the planes is g + % + % =1 ...(D)
Since x and y-intercept are equal,
~ Equation of such planar is % + % =1 ...(2)
Differentiating (2) with respect to x, we get

1+0 10z

a c Ox
1 P _
1izog ..(3)

Differentiating (2) with respect to y, we get

i (%)

From (3), we have
1

1
a_ Cp

From (4), we have
1

1
a_ Cq

Dividing (3) by (4), we get

1= s = p = q is required equation.

Example 8: Eliminate a and b from z = g +

SN

Solution: Given z = g + % ...(1)

Partially differentiating equation (1) with respect to x, we get

1
== (2
a=- (2)
Partially differentiating equation (1) with respect to y, we get
1
= - ...(3
b= 3)
Substituting a and b values in equation (1), we get
z=px+qy
2 2
Example 9: Form the differential equation from 2z = % + % by eliminating arbitrary constants
a and b.
2 2
Solution: Given 2z = % + Jb% ...(1)

Differentiating partially with respect to x, we get
oz _ 2
ax a2
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0z _ x
dx a?
_x
P=a
p_ 1
x a2

Differentiating equation (1) with respect to y, we get
0z 2y
oy b?

9z _y

dy b2
_y
=3

Substituting % and b—12 in equation (1), we get the required partial differentiation equation
_ 2P 249
2z =x " +y 5

2z =px +qy

Example 10: Find the partial differential equation of the family of sphere of radius 5 with
centres on the plane x = y.

Solution: The equation of the family of the sphere is (x — a)? + (y — a)? + (z — b)? = 25,
where a and b are arbitrary constants.

Differentiating above equation with respect to x and y, we get
x—a)+(z-b)p=0
and(y—a)+(z—-b)g=0

Substituting x —a = —p(z — b),and y — a = —q(z — b) in the family of sphere equation,
we get

p2(z—b)? +q*(z—b)? + (z—b)? =25
(z—-b)?(p?>+q*+1)=25
x—y=@&—-a)—(y—a)=(q—-p)z—b)

.
z—bh="22
q-p

Substituting z — b in the above equation, we get

(x =)?(@* +q* + 1) = 25(q — p)*

which is required partial differential equation.
Exercise:

(1) Form the partial differential equation from the following relations between variables by
eliminating arbitrary constants.

(i) ax*+by?+z2=1
(i) z=ax+by+ab
Gii) 2

x’+y
2

Z -1

+5=

a
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(2) Find the differential equation of the sphere whose centre lies on the z-axis.

Answers:
() () zlpx+qy)=2>-1
(i) z=px+qy+pq
(i) py =gx
(2) py—qx=0

Differential Equations

Hint: The equation of the family of sphere having their centre on z-axis and having radius r is

(x—02+@y—-0>2+EZ-c)?=r?

constants.

ie, x2+y2+(z—c)? =7r?,

where ¢ and r are arbitrary

(ii) Formation of Partial Differential Equation by Eliminating Arbitrary Functions

In this, we have three cases:

Case I: Eliminating one arbitrary function from z = f(u)

Consider z = f(w)

where f(u) is an arbitrary function of u and v is known function of x,y and z.

Differentiating equation (1) partially with respect to x and y by chain rule, we get

oz _ of ou  df ou oz

ax  du ox du 0z O0x
oz _Of ou  0f ou 0z

ay_au dy odu 0z OJdy

(D

)
..3)

By eliminating the arbitrary function f from (1), (2) and (3), we get the partial differential

equation of first order.

Case II: Eliminating one arbitrary function from f(u,v) = 0

Let u and v are the two functions of x,y and z connected by the relation

fu,v)=0

Differentiating (1) with respect to x and y, we get

af( 90y o
u +az dx +av

v 0z
(ax +B_z ) ax) -

w5 (G5 5 R GrEs) =0
> 5uor —“-p)+3—i(Z—Z+Z—Z-p)=
G ) G-
where— p 2 2z _ .

Elirninating —= and —f from equation (2) and (3), we get

a_u a_u a av
dx 0z p ax az p
ou  Ou v v

2y 22 4 2y 2z 4

=> S+ 5 P)(%J“a—z

(D

)
..3)
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=>v(5 55w
or Pp+Qq=R ...(4)
is the required partial differential equation

where, P = —+ —— —-— =—.=_=.= S R=2=2 22
y

Case I1I: Eliminating two arbitrary functions

When the given relation contains two arbitrary functions, then differentiate twice or thrice
and elimination process becomes a partial differential equation of second and higher order.

Example Problems

Example 1: By eliminating the arbitrary function from z = e™ ¢ (x — y), obtain a partial
differential equation.

Solution: Differentiating with respect to y, we get
0z

5y = e ol —y) —e™¢'(x —y)
=>q=nep(x —y)—e¢'(x —y)
=>q=nz—p
i.e,, p +q —nz = 0 is the required equation.
Example 2: Form the partial differential equation by eliminating the function from z = y? +
2F (i + log y).

Solution: Differentiating the given relation partially with respect to x, we get
a

£= 0+ 2F' (§+logy)(—1/x2)
=> —px? = 2F’ (§+logy) (1)

Differentiating the given relation partially with respect to y, we get

oz (1 1
Fel 2y + 2F (x+logy)y

Replacing 2F' (i + log y) from (1), we get

— px’ 2 — 94,2

q—2y—7 or px“ +qy =2y

which is required partial differential equation.
Example 3: Form a partial differential equation by eliminating the arbitrary functions,
)z =f(* +y?) (i) 2 = xy + f(? +y2) (iii) z = 2" f (*/)
Solution:
(i) z=fx*+y? (D

We have to eliminate the arbitrary function 'f".

Differentiating (1) partially with respect to x, we get
9z _ rr(p2 4 42Y.
w=f (x* +y%)-2x

p=f(*+y?)-2x .2
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(i)

(iii)

Similarly, differentiating (1) partially with respect to y, we get
92 _ £r002 4 02Y.

oy =y -2y

=>q=f'(x*+y*)2y

-~ Dividing (2) by (3), we get

_ % +yHex

T (2 4y?)2y

=> py — gx = 0 is required partial differential equation.
z=xy+f(x*+y?)

Differentiating (1) partially with respect to x, we get

C=y Py 2x

p—y=fG*+y?- 2x

Similarly, differentiating (1) partially with respect to y, we get
Z—;=x+f’(x2 +y2)- 2y

q—x=f'(x*+y")2y

(2) = (3) gives

p-y _ [P +y?)2x

a-x  f'(x*+y»2y

@-y)y=(@—-xx

[
q

=> x? — y? = qx — py is required partial differential equation.

z=x"f (y/ x)
Differentiating (1) partially with respect to x, we get
a - '
é =nx" 1f(y/x) +x"f (y/x) (_%)
n n-1., ¢/ (Y
p:%f(y/x)_x yi(/x)
_ L)y O L)

X
px = nx"f(V/x) = x"yf' (/%)
Similarly, differentiating (1) with respect to y, we get
9z _ ymer(¥/ Y. 1
oy xf'( / %) x
q= xn_lf'(y/x)
Multiplying y on both sides, we get
qy = x""yf'(*/x)
Adding (2) and (3), we get
px +qy =nx"f(¥/x) = x"yf' (Ox) + 2y (V)
=nx"f (y/ x)
~px+qy=nz (from (1))

Differential Equations

..(3)

(D

.2

..(3)

(D

.2

..(3)
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Example 4: Form a partial differential equation by eliminating the arbitrary function @ from
Ix + my + nz = ¢p(x? + y? + z2).

Solution: Given lx + my + nz = ¢p(x? + y? + z2) ~..(1)
Differentiating (1) with respect to x, we get
90z _ 1.2 2,2 9z
l+n—=¢'(x* +y* +z )(2x+Zzax)
=>14+np=¢' (x*+y?+2z2)(2x + 2zp) ..(2)
Differentiating (2) with respect to y, we get
9z _ .2 2 2 0z
m+nay—¢) (x*+y*+z )(2y+Zzay)
m+nqg = ¢'(x? +y? + z2)(2y + 2zq) ..(3)
Dividing (2) by (3), we get

l+np _ @' (x?+y%+z%)(2x+22p)
m+ng @' (x2+y2+22)(2y+22q)

(L +np)(y +2q) = (m + nq)(x + zp)
or x(m+ng) —(1+np)y—(g—mp)z=0

which is required partial differential equation.
Example 5: Find the differential equation arising from ¢(x + v + z,x? + y2 + z2) = 0.
Solution: Let x + y + z = u, x% + y? + z2 = v so that the given relation is
o(u,v)=0 ..(D
Differentiating (1) partially with respect to x by chain rule, we get

00 [ou , 0u 0x] | 96 [0y | 2o D]
ou Lox dz 0du v lox ' oz axl

ie., 3—‘3(1 +g—i) +3—f(2x+ 2z3—f{) =0

a a
=>22(1 4 p) + 22 (2x + 22p) = 0 (2)
Similarly, differentiating with respect to y, we get
) 99 -
2(1+q) +5.(2x +229) =0 ..(3)
T ") ag
Eliminating ™ and . between (2) and (3), we get
1+p 2(x+2p)| _
1+q 2(v+zq)|
=>@-2p+(z-0qg=x-y
which is partial differential equation.

Example 6: Form the partial differential equation by eliminating the arbitrary functions from
¢(z—xy,x* +y?) =0.
Solution: Given ¢(z — xy,x? + y?) =0
Letu = z — xy,v = x? + y? so that the given relation is ¢(u, v) = 0.

Differentiating with respect to x and y, we get
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Differential Equations
d d
ou ov
99 (g — 99 -
= x)+--(2y)=0 - (2)
Eliminatin a_¢>’a_¢> from above equation, we get
g ou’ ov
|p -y 2x| _ 0
q—x 2y

=>2py—2y?—2qx+2x2 =0

=>py—y?—qx+x>=0

py —qx =y* —x*

which is required partial differential equation of the form Pp + Qq = R.

Example 7: Form the partial differential equation by eliminating the arbitrary functions from

¢p(x?+y? z—xy)=0.

Solution: Given ¢p(x? + y2, z—xy) =0

Letu = x? + y2, v = z — xy so that the given relation is ¢(u,v) =0 ..(1)
Differentiate (1) with respect to x and y, we get
) 9 ) =
™ (2x) + 5y w—y)=0 ..(2)
) 9 (0 _ ) =
oy ) +2-(q—x) =0 ..3)
TR ") ag
Eliminating ™ and . from (2) and (3), we get
2x p-Yy|_ 0
2y q—x

2x(q—x) —2y(p—y) =0
qx—x*—py+y*=0
—py+qx=x*-y’

py —qx =y*—x?

which is required partial differential equation.

Example 8: Form the partial differential equation by eliminating the arbitrary functions from

z = e%*bY f(ax — by).

Solution: Given z = e®*bY f(ax — by) ..(D)
Differentiate (1) with respect to x and y, we get
z—i = e®*bYqaf(ax + by) + e¥ Y f'(ax + by) - a
p = ae™*bY f(ax + by) + ae®™*bY f'(ax + by) ..(2)
Similarly, g = be®*?Y f(ax + by) — be™*PY f'(ax + by) ..(3)

Multiplying (2) with b and (3) with a and add, we get
bp + aq = 2abe®**bY f(ax — by)
= 2abz (= z = etV f(ax — by))
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~ bp +aq = 2abz

which is required partial differential equation.

Exercise:
(1) Form a partial differential equation by eliminating the arbitrary functions from:
() z=f(x)+e’glx)
(i) z=f(x*-y?)
(2) Form the partial differential equation by eliminating the arbitrary functions from:
(i) (x> +y*+2%22-2xy)=0

ORACH)
Answers:
(1 @@ t—gq=0
(i) yp+xq=0
2) () zg-p)+y—-x=0
(i) px+qy =3z

Equations Easily Integrable

Some of the partial differential equations can be formed by direct integration.

Solutions of a Partial Differential Equation

We understood that a partial differential equation can be formed by eliminating arbitrary
constants or arbitrary functions from an equation which involves two or more independent variables.
Linear and Non-linear Partial Differential Equations

Consider a partial differential equation of the form,

F(x,y,2,0,9) =0 (D

In this, if p and g are linear, then the given partial difeerential equation is called linear partial
differential equation and if it is not linear in p and g, then it is non-linear partial differential equation.
Complete Integral or Complete Solution

A relation of the type f(x, y, z, a, b) =0 from which by eliminating a and b, we get
F(x, y, z, p, q) =0 is called complete integral or complete solution of the partial differential
equation F(x, y, z, p, q) = 0.

Particular Solution

A solution of F(x, y, z, p, q) =0 obtained by giving particular values to a and b in the
complete integral f(x, y, z, a, b) = 0is called a particular integral.

Example Problems

9%y .
Example 1: Solve ooz = siny.
2

. . 0%y . 5} (az) .
: — = =>—(—=) =sin
Solution: Given ez = Siny =>——(— siny
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Integrating with respect to x treating y as constant and keeping f(y) as the constant of
integration, we get
0z .
o, = Xsiny + f(y)
In the same way, integrating with respect to x treating y as constant and keeping g(y) as the

constant of integration, we get

z= x;siny + xf (y) + g(y) is the solution.

3
Example 2: Solve aiz; + 18xy? + sin(2x — y) = 0.
Solution: Keeping y fixed and integrating the given equation twice, we get
9%z 2,2 _ 1 ) =
oy T 9xy* =2 cos(2x —y) = f(y)

and z—; + 3x3y% — %sin(Zx —-y)=xf(y) +g)

Keeping x fixed and integrating with respect to y, we get

z+x%y® —=cos(x —y) = x [ f()dy + [ g(y)dy + h(x)

Denoting [ f(¥)dy = u(y), [g(@)dy =v(y), we get the required solution,

ie., z= icos(x —y)—x3y3 + xu(y) + v(y) + h(x)

0%z

0x2%0y
Solution: Taking y as constant and integrating the given equation twice partially with respect to

x, we get

Example 3: Solve = cos(2x + 3y).

93z
0x20y

and z—; = —icos(Zx +3y)+xf(y) + giy)

= %sin(Zx +3y) + f(y)

Again, integrating partially with respect to the above equation, we get

7= —3sin2x +3y) +x [ f()dy + [ g()dy + h(x)

Taking [ f(y)dy = u(y) and [ g(y)dy = v(y), we get

z= I—lein(Zx +3y) + xu(y) + v(y) + h(x)

3%z

dx?
Solution: If z is a function of x alone, then the solution is z = ¢, sinx + ¢, cos x, where ¢; and

C, are constants.

Since z is a function of x and y, ¢; and c, are functions of y.

Example 4: Solve +2z=0 whenx =0,z = eY and Z—i =1.

Hence, the solution of the given equation is
z = f(y)sinx + g(y) cos x
;’—,i = f(y)cosx — g(y) sinx

whenx =0,z =¢Y, ie,e” =g(y)
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a .
and x = 0,£ =1, ie,1=f()
Hence, the required solution is z = sinx + e¥ cos x.
0%z x 0z —x
Example 5: Solve 5 = % where, y = 0,z = e* and =€

Solution: If z is a function of y alone, the solution of given equation is z = c;e¥ + c,e77,
where ¢; and c, arbitrary constants.
Hence, z is a function of x and y.
~ ¢, and ¢, are arbitrary functions of x
Hence, the solution of given equationis z = f(x)eY + g(x)e™
wheny =0,z =e*,ie,e* = f(x) + g(x) ..
Also given, when y = 0,3—; =e™*
=>e*=f(x)—gk) ...(2)
Solving (1) and (2), we get

fe) =2 and g() = ()

2

We have coshx = %(ex + e7*) and sinhx = %(ex —e™)
=> f(x) = coshx and g(x) = sinhx
~ The solution is z = e¥ coshx + e™¥ sinh x

Exercise:

Solve the following partial differential equations.

0%z

(1) 505 =2x+2y
9%z 2
(2) oxdy =Xy

2
3) aaxazy = x?y, given wheny = 0,z = x? and whenx = 1,z = cos y

Answers:
() z=xyx+y)+ )+ o)
@) z="2+f() +$)
3) z=%x2y2+cosy—%y2—1+x2.

Linear Equations of the First Order
A linear partial differential equation of the first order is of the form,
Pp+Qq=R ...(1)

where, P, Q and R are the functions of x,y and z. This equation is known as Lagrange’s linear partial
differential equation and the solution is ¢(u,v) =0 or u = f(v).
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Solution of Lagrange’s Linear Partial Differential Equation

To obtain the solution of (1), we have the following rule:

(a) Write equation (1) in the form % = %y = %,

(b) Solve these simultaneous equation by the method of grouping, giving u = a and v = b as its

solutions.

(¢) Write the solution as ¢(u, v) = 0, or u = f(v).

Solution of Linear Partial Differential Equation Involving n Variables

Consider the equation

0z 0z 0z
P15, +p2 o + + Pn ox,
First find the equations
dx dx. dx. dz
L =2= it —2==
P1 P2 Pn R

and obtain an n independent solution of equation (2).
Let these solutions be,

U = CHUy = C vvv v vin v Uy = €y

then ¢ (uy, Uy .. e e .. Uy,) = 0 is the solution of equation (1), where ¢ is any arbitrary function.

Equation (2) is called the subsidiary equation.

Example Problems

Example 1: Solve px + qy = z.
dy dz

Solution: The subsidiary equations are % =5 =7

Taking % = C;—y and integrating and simplifying, we get

logx =logy +logc;

log (g) =logc, => sz =0

Now, taking C;—y = % and integrating, we get

logy =logz +logc, => f =c

Hence, the general solution is

f(cy,c) =0, e, f (g,%) = 0, where f is arbitrary.
Example 2: Solve yzp + zxq = xy.

Solution: This equation is the form Pp + Qg = R. Hence, its auxiliary equation is
dx _dy _ 4z

yz  zx Xy
Taking % =Y > xdx = ydy => [ xdx — [ ydy = ¢,, we get

zx
x*—yt=¢
d

Similarly, taking = = 2 =>ydy — zdx = 0, we get
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=>y2—z%2=¢,
~ The general solution of the given partial differential equation is
Flu,v) =0=>F(x?—y%,y2—-22)=0
where F is an arbitrary function.
Example 3: Solve (y + 2)p+ (x+ 2)g = x + y.
Solution: The subsidiary equation is A 2
y+z Z+x x+y
which can be written as:
dx+dy+dz _ dx—-dy _ dx-dz
2x+2y+2z —-(x-y) —(x—z)

Taking the first two ratios and integrating, we get

1 f dx+dy+dz __ f dx—dy
2Y xty+z x—y

log(x +y +2z) = —2log(x —y) +logc,

log [(x +y +2)(x —y)?] =logc,

= x+y+2)(x—y)i=¢q

Similarly, taking last two ratios and integrating, we get

log(x —y) —log(x — z) = logc,

C
x—z 2

Hence, the required solution is F [(x +y+2z)(x— y)z,%] =0
or x —y = (x—2)f[(x+y+2)(x —y)?]
Example 4: Solve x(z2 — y?)p + y(x? — z2)q = z(y? — x?).

Solution: The subsidiary equations are:

dx _ dy _ dz
x(z2-y?) ~ y(x2-z2)  z(y?-x?)

Using multipliers x, y and z, we get

xdx+ydy+zdz _ xdx+ydy+zdz
x2(z2-y2)+y2(x2—-2z2)+22(y2—x2) - 0
=>xdx +ydy+zdz=20

On integration, we get

Each fraction =

x2+y*+z22=¢
ay

ax/. V), adz/,

P z2-y2 T x2-z2 7 y2_x2

3 (dx/x)+(dy /y)+(dz/z) 3 (dx/x)+(dy /y)+(dz/z)

Again

22-y2+x2—72+y2-x2 0
=>T+Z 1% =0

On integration, we get

logx +logy +logz = logc,

=> log(xyz) =logc, =>xyz =c,
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= The given solution is xyz = f(x? + y? + z?2)
Example 5: Solve (z2 — 2yz — y?)p + (xy + zx)q = xy — zx.

Solution: The subsidiary equation of given Lagrange’s linear equation is
dx dy dz

z2-2yz—y?  xy+zx  xy—zx
Taking x, y, z as multipliers, we have

xdx+ydy+zdz
0

Each of the above fraction =

xdx +ydy +zdz=10

Integrating, we get
x2+y?+2%=c,

Taking two and three relations, we get
4y _ 4z

y+z y-z

=>(y—2)dy = (y+2)dz

=>ydy — zdz — (zdy + ydz) = 0

2 2

> a2 o]0

Integrating, we get

y2—2z2-2yz=c,

The solution of given differential equation is F(x? + y% + z%,y2 —2yz —2z2) =0
Example 6: Solve (mz —ny)p + (nx — lz) = ly — mx.
Solution: The auxiliary equation of the given equation is

dx dy dz

mz-ny T onx-lz ly—-mx
Using multipliers x, y and z, we get

xdx+ydy+zdz
0

Each of the fraction =

which gives xdx + ydy + zdz =0

On integrating, we get

x2+yi+z2=¢

Again, using multiplier [, m andn we get

ldx + mdy +ndz =0

On integrating, we have

Ix+my+nz=c,

Hence, the required solution is F(x? + y? + z2,Ix + my + nz) = 0
Example 7: Solve x(y — z)p + y(z — x)q = z(x — y).

Solution: The auxiliary equations are:
dx _ dy _ dz
x(y-2z)  y(z-x)  z(x-y)
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Since x(y —z) + y(z — x) + z(x —y) = 0, we get
dx+dy+dz=0
On integrating, we get
xt+ty+z=c
Wehave (y —2)+ (z—x)+(x—y)=0
The given equation can be written as

dx/, B dJ//y _ dx/x+dJ//y+dz/Z

y-z xX=y 0
dx dy dz

—+—=+—=0
x y z

On integrating, we get

logx + logy +1logz =logc

=>logxyz =logc =>xyz=c

Hence, the general solution is F(x + y + z,xyz) = 0.
Example 8: Solve (y + zx)p — (x + yz)q = x* — y?.

Solution: The auxiliary equation of the above equation is

dx dy _ az
y+zx  —(x+yz)  x%-y?

Choosing multipliers as x, y and -z, we have

xdx+ydy+zdz
0

=>xdx +ydy +zdz=10
On integration, we get

Each fraction =

x2+y*+z22=¢
Similarly, choosing multipliers as, y, x and 1, we get

ydx+xdy+dz
0

=> (ydx+xdy)+dz=0=>d(xy)+dz=0
Integrating, we get

Each fraction =

xy+z=c,
Hence, required solution is F(x? + y? + z%,xy + z) = 0.
Example 9: Solve ptanx + gtany = tan z.

. . g . dx dy dz
Solution: The subsidiary equations are = =
tanx tany tanz

From the first two members, we have,
cotxdx = cotydy

Integrating, we have

logsinx = logsiny + log c,

sinx

=cC
siny 1
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Exa

Differential Equations

From the last two members, we have,
cotydy = cotzdz
On integration, we get

siny
=,

sinz

Thus, the general solution is F (anx,SI_ny ) =0.
siny sinz

mple 10: Solve x2(z — y)p + v?(x — z)q = z*(y — x).

Solution: The subsidiary equations are:

Exercise:
(1
()
3)
4
(%)

dx _ dy _ dz
x2(z-y)  y2(x-2z)  z%(y-x)
" dx _ dy _ dz
x2(y-2z)  y2(z-x)  z%(x-Y)
. xizdx+yi2dy+zizdz
Each fraction = — Y
idx+§dy+§dz
And also = ————

1 1 1 1 1 1
. ;dx+37dy+z—2dz— 0 and ;dx+3—/dy+;dz— 0
On integration, we get
i+§+§=cl and logx +logy +logz = logc,
. 1 1 1
ie., ;+3—/+;—clandxyz—c2

Hence, required solution is F (i + jl/ + i, xyz) =0.

Solve pvx + q,/y = Vz.

Solve (x2 —y%2 —yz2)p+ (x? —y? —zx)q = z(x — y).
Solve (x2 +y2 +yz)p+ (x* + y2 —xz)q = z(x + y).
Solve (x? —y% — z%)p + 2xyq = 2xz.

Solve x(z% — y®)p + y(x? — z2)q = z(y? — x?).

Answers:

(1) FNE— 5.5~V = 0

) F x—y—z,(xz_yz)/z2 =0

3 Flx-y-2=2)=0

z2

@) F (x2+yzz+zz’z) -0

z

(5) Fx+y+zxyz)=0
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Non-linear Equations of First Order

Definition: The equations which involve p and g other than in the first degree are called non-
linear partial differential equations of first order. For such equations, the complete solution consists of
only two arbitrary constants (i.e., equal to the number of independent variables involved) and the
particular integral is obtained by assigning particular values to the constants. The first order non-linear
partial differential equations are reducible into four standard forms:

Type I: Non-linear equations of the form f(p,q) = 0

Solution: Let the required solution be

z=ax+by+c ...(1)
0z 0z
Thenp—a—aandq—g—b

Substituting these values in f(p, q) = 0, we get

f(a,b)=0

From this, we can obtain b in terms of a.

Let b = ¢p(a). Then the required solution is z = ax + ¢(a)y + c.

Definitions

1. Complete integral: A solution in which the number of arbitrary constants is equal to the
number of independent variables is called complete integral or complete solution of the
given equation.

2. Particular integral: A solution obtained by giving particular values to the arbitrary
constants in the complete integral is called a particular integral.

3. Singular integral: Let f(x, y, z, p, q) =0 be a partial differential equation whose
complete integral is

¢(x,y,z,a,b) =0 (D)
Differentiating (1) partially with respect to a and b and then equate to zero, we get

9% _

pralll (2
and

9% _

5 = Y ...(3)

Eliminating a and b by using equations (1), (2) and (3), the eliminant of a and b is called
singular integral.

Example Problems

Example 1: Solve p? + ¢% = npq.

Solution: Let the required solution is z = ax + by + ¢ ...(D)
Thenp=z—i=aandq=z—;=b (2
Substituting (2) in the given equation, we get
a’ + b? =nab ...(3)
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Differential Equations
To find complete integral, we have to eliminate any one of the arbitrary constants from (1).
From (3), we have

b? —nab + a? = 0 which is a quadratic equation in b

o= MEEIEAT 2 4] ..(4)
Substituting (4) in (1), we get

z=ax+%[nim]+c

To find general integral, we take

¢c=f(a)

which gives z = ax+%[nim]y+f(a) ...(5)
Differentiating partially with respect to a, we get

0=x+%(n+m)y+f’(a) ...(6)

Eliminating ‘a’ from equations (5) and (6), we get general integral.

Example 2: Solve p? + g% = m?.
Solution: The given problem is of the form f(p,q) = 0

Let the complete solution be z = ax + by + ¢

where f(a,b) = 0 => a? + b?> = m? => b = Vm? — a?

Thus, the complete solution of the given differential equation is

z=ax+Vm? —a%y +c ...(1)
which contains two arbitrary constants.

In order to get the general solution, put ¢ = f(a) in (1), so that

z=ax+Vm? —a?y+ f(a) ...(2)
Differentiating (2) with respect to a, we get

a 7 _
0=x— ==y + @ =0 )

Now, eliminating 'a’ from the above equations (2) and (3), we get general solution.

In particular, when ¢ = f(a) = 0, the elimination of 'a’ gives us z? = m?(x? + y?)
which is a particular solution of the given equation.

Example 3: Solve pq = 1.
Solution: The complete solutionin z = ax + by + ¢ ...(D)

0z _ 0z _
“p=--=a and q—ay—b
-'-ab=1orb=§ [puttinga = pand b = q in pq = 1]

Putting b = i in (1), we get

z=ax+§y+c

Example 4: Solve x?p? + y2q? = z2.
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2 2
Solution: The given equation can be written as (g z—i) + (%Z—i) =1 ...(D)
so that it reduces to standard form L.
Now, set & = dx, 2 = ay,Z = 4z
x y z
sothat X =logx,Y =logy,Z =logz and
0z 0z
Then px = Py =5
L2 _07 9z 10z 1 w0z
"X oz ox 2z ox z PXT ok
.. 9Z y a_z
Similarly, ¥ =25
Substituting these values in (1), we get
0z\% | (8z\?
(%) +(%) =1 .2
L . 9z oz
which is of the above form, i.e., of the form f (a_x’a_y) =0

Hence, a complete integral or complete solution of (2) is given by
z=aX+bY + C,where a? + b?> =1
-~ Complete solution of (1) is given by
logz=alogx +blogy +c
=alogx + V1-a? log y + ¢ which is a required solution

Exercise:

Find the complete solution of:

(1) pg+p+q=0

2) z=px+qy+J1+p?+4q?

() z=px+qy+p*y?
Answers:

— gy —

(1) z=ax 1+a+b

(2) z=ax+by++V1+a?+b?

(3) z=ax+ by + a’b?

Form II: Equations of the form f(z,p, q) = 0, i.e., equations not containing x and y
To solve such equation, we have three steps:

Step1: Setu =x + ayandputp = dz/du,q = a(dz/du) in the given equation.

Step 2: Solve the resulting ordinary differential equation in z and u.

Step 3: Replace u by x + ay.

Example Problems
Example 1: Solve z? = 1 + p? + ¢2.
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Solution: The given equation is of the form f(z,p,q) = 0

Differential Equations

Let z = f(u) where u = x + ay be the solution of the given equation.

Thenp=z—iandq=az—z

Substituting these values of p and g in the given equation, we get

z2=1+ (%)2 + a? (E)Z or

du
Vita?Z=vVz2—1
Integrating fJZdzZ__l = ﬁf du+c or cosh™z = Jﬁ? + ¢, we get
. . _ x+ay+c
the solution is z = cosh Tt
usingu = x + ay
Example 2: Solve p(1 + q) = gz.
i = - —al(¥
Solution: Let u = x + ay so that p = T and g =a (du),
. . . dz dz dz
So, the given equation can be written as ™ (1 +a E) =az—-

Separating the variables and integrating, we get
loglaz—1)=u+b
= x + ay + b which is the required solution.
Example 3: Solve z = p? + g2.
Solution: Given equation is z = p? + g2
dz dz
Letu = x + ay so that p = and q = a—.
So, the given equation can be written as:
dz\2 adz\>2
2= (&) + (@)

-0 ()

dz z dz du .
=== or == variables and separable
du 1+a? vz Vi+a? ( p )

Integrating f% = er?fdu + ¢, we get

u
2\/2+ﬁ+6

_ x+ay . . .
or 2vz = Weyw + c is required solution.
Example 4: Solve z2(p? + g2 + 1) = ¢2.
i = - —a¥
Solution: Put u = x + ay so that p = T andqg =a T
Substituting these in the given equation, we get
2 2
2|(4%= adz = ¢2
z [(du) + (du) + 1] =¢
2
72

(%)2[1+a2]+1=;
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2 2 2

(E)Z[1+a2]=c——1=c'z

du 72 72
(E)Z _ c2_72
du) ~ z2(1+a?)
dz _ c?-z2
du ] z2(1+a?)
d z _ du
Loz~ e
Integrating, we get
Vit+a?vet—zZ=u+b
Replacing u by x + ay, we get the required solution, i.e.,
Vi+a?vc2—z2=x+ay+b
Example 5: Solve g2 = z?p?(1 — p2).
Solution: Given g2 = z2p?(1 — p?) ..(1)

Letu=x+ay,sothatp=z—zandq=az—z

Substituting these in the given equation, we get
(&) =) [ -]

=> q? = 72 [1 — (z—z)z]

Fo1- ()

— (E)Z 1 _a_2 _ 22_q2

du z2 z2
dz _ Vz%*-a?
r du z
\/Zz;_—azdz = du (variables and separable)
Integrating szz;__azdz = [du+ c, we get
2zdu
) = 2fdu+c

=>2Vz2—a2=2u+c
=>Vz2—a?=u+c=>z>—a%= (u+c)>
=>z2=a%?+ (u+c)?
Substituting u = x + ay, we get required solution, i.e.,
z2 =a’+ (x + ay + ¢)?

Example 6: Solve p?z? + g = p?q.

Solution: Let u = x + ay so that p = z—z and g = az—z

Substituting these in the given equation, we get

() =+ () = () («f2)
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(5) 122 + a1 = (£) ()
du = #dz
1

z2+a?

Integratingu = a [ dz + ¢, we get

u=tan"! (g) +c=>u—-c= tan‘1§
tan(u —c) =%4/4
Substituting u = x + ay, we get required solution, i.e.,
atan(x +ay —c) =z
Exercise:

Solve:

(1) p*+pq=2z°

(2) ap+bg+cz=0

3) p’=¢
Answers:

(1) logz =ﬁ(x+ay) +c

_ —(cx+cay+ce)

(2) logz - a+ba
(3) uz=alx+ay+b)?
Standard form III: (Variables separable) f(x,y) = F(y,q), i.e., the equations in

which the variable z does not appear and the terms containing p and x can be
separated from those containing y and q.

Method of Solution: To obtain a solution of such an equation, we proceed as follows:
Let f(x,¥) = F(y,q) = a and solve these for p and g to get
p=¢xa)qg=19ya
Since dz = z—idx + z—;dy = pdx + qdy
We have [ dz = [(pdx + qdy)
=>z= ¢ a)dx+ [Y(y,a)dy+b
which is the required complete solution containing two constants a and b.

Example Problems

Example 1: Solveq —p+x —y = 0.

Solution: The given equation can be writtenas g —y =p — x
Letp —x =q—y =asothatp = x + a and g = y + a, and the complete solution is

z=[(x+a)dx+ [(y+a)dy+b
or2z=((x+a)+(y+a)+b

Example 2: Solve pe? = ge*.

Solution: The given equation can be written as
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pe " =qe™”
Let pe™ = qe™ = a, so that p = ae*, q = ae”, and the complete solution is
z [ae*dx+ [aeYdy + b
=>z=aqae*+ae’+b
Example 3: Solve p2 + ¢> = x +y.
Solution: The given equation can be written as
pP-x=y—-q*=a
sothatp =va+xandq =,y —a
Substituting these values in dz = pdx + gdy and integrating, we get
z= %(a +x) 2 + % (y— a)3/ 2 + b is the required complete solution.
Example 4: Solve yp = 2yx + loggq.
Solution: The given equation can be written as
p=2x+ Jl/log q
=>p-—-2x= Jl/logq
Letp —2x = Jl/logq =a
=>p=2x+aq=e?
and the complete solution is
z=[Q2x+a)dx+ [e?¥dy+b
=x?+ax+ % +b
=>az=ax*+a*x+a® +ab
Example 5: Solve z2(p? + q?) = x? + y2.
Solution: We write the given equation as:
(zg—i)2+(zg—;)2 = x? +y? ..(1)
Put zdz = dZ, so that,
9z _ 9z 9z az

ax_az'ﬁzzﬁzp
0Z 90z 0z _ 0z _
ay_az ay_ ay_

and equation (1) taken of the form:

P2+Q?=x*4y% or P?—x?=y?2—-Q%?=a
Thus, P =vVx?+a and Q =./y?—a and

dz = Pdx + Qdy which on integration gives the relation

Z =%xm+%alog(x+\/xz—+a) +%y\/y2 —a—%alog(y+\/y2 —a)+b

~ The complete solution is
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Z2=xVx?+a+yJy?—a+ alog;:\/ﬁz:tz+ b
Example 6: Solve z(p? — q%) = x — y.
Solution: The given equation can be written as:
(72) - (F2) =x-
Taking Vzdz = dZ,ie.. Z = 27z /2, we get
2 2
G -G) =
=> P?2 — Q%2 = x — y, where P =Z—i,Q =Z—j
=>P2—x=Q%—y
LetP2—x=Q*—y=a
suchthat P =+va +x,Q = /a+y,
then the complete solution is:
z=[Va+xdx+ [\y+ady+b
_ (614;6)3/2 + (3/4;1)3/2 +b
/2 /2
or 272 = (x + a)3/2 + (y+ a)3/2 +c
Exercise:
Solve:
() p—qg=x*+y?
2 Jp+Ja=x+y
B p—x*=q+y?
4) Solveq?—p=y—x
Answers:

(1) z=§(x3—y3)+a(x+y)+b
2) 3z=(x+a)B¥+@y—a)+b
3) z=x?3+ax+ay—y?3+c

_ (a+x)?

@ 2= 12 @+N"2+c

Differential Equations

Standard form IV: Non-linear equations of the form z = px + qy + f(p, q)

(Clairaut’s equation) Equations of the form z = px + qy + f(p,q)

An equation analogous to Clairaut’s ordinary differential equation y = px + f(p)

The complete solution of the equation,
z=px+qy+f(pq
isz=ax+by+ f(a,b)
Let the required solution is z = ax + by + ¢

(D
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Thenp = z—i =aandq = z—; = b and putting for a and b in (1).

Example Problems
Example 1: Solve z = px + qy + pq.
Solution: Putting a = p and b = q in the given equation, we get the complete solution as:
z=ax+by+ab
Example 2: Solve z = px + qy — 2,/pq.
Solution: Putting a = p and b = q in the given equation, we get the complete solution,
ie,z=ax+by—2Vab
Example 3: Solve pqz = p?(qx + p?) + ¢*(py + q?).
Solution: pgz = p? (x + p—z) +q? ( + q—z)
‘b9z =pq p Py T,
s = p’ a
—>z—P(x+ q)+q(y+ p)
4
=>z=px+qy+7+?
Putting a = p and b = q in the above equation, we get the complete solution,
3 3
1e.,z = ax+by+a—+b—
a v
Exercise:
Solve:
) @+a)z—px—qy) =1
(2) z=px+qy+p?>+q*+1
3) z=px+qy+p’q
Answers:
1
(1) z—ax+by+m
2) z=ax+by++va?+b2+1

(3) z=ax+ by + a’b?

Charpit’s Method

If the given equation cannot be reduced to any of the above four types of first order non-linear
partial differential equations, then we use a method introduced by Charpit for solving all the partial
differential equations of the first order. This method is known as Charpit’s method.

Consider the equation

F(x,y,2,p,9) =0 (D
Since z depend on x and y, we have,
0z 0z
dZ—adx+£dy—de+Qdy ...(2)

Now, if we can find another relation between X, y, z, p, q such that,
f,y,2,0q9 =0 ..3)
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Then solving (1) and (3) for p and q and substituting in equation (2), this will give the solution
provided equation (2) is integrable. To determine f, differentiate equation (1) and (3) with respect to x
and y so that,

oF OF OF 0dp JOF dq
of | of of op | 9f 0q
w3, +£‘£+£‘£—0 ...(5
OF L OF, yOF 9p L OF 94 _ ...(6)
ady 0z dp 0y dq OJy
of L O, L9 9  3F %a_ (7
ay 0z dp 0y dq O0Jy

Eliminatin o from equation (4) and (5), and % from equation (6) and (7), we get
g ox ay

(BF af  of 6F)+(6F af  of BF) +(6F af  of BF)B_q:

Adding these two equations and using

g _ %y _op
ax_axay_ay

After rearrangement, we find that,
OFNOf | (_9E\OL | (_,0F _ OF\of  (OF L OFNOf . (9F 4 ,OF\of _
( ap)ax+( aq)ay+( pap qaq)az+(ax+paz)ap+(ay+qaz)aq_0 -(8)

Equation (8) is Lagrange’s equation with x,y,z,p,q as independent variable and f as the
dependent variable. Its solution depends on the subsidinary equations

dx dy dz dp. dq _df
GFTOE T T
+paz ay+qaz

—9F _ —oF _ oF aF _ oF

ap aq _pa_qa ox

An integral of these equations, involving p or g or both, can be taken as the required relation (3),
which along with equation (1) will give the values of p and g to make equation (2) integrable.
Example Problems

Example 1: Solve (p? + ¢%)y = qz.

Solution: Let F(x,y,z,p,q9) = ®?> +q?)y—qz=10 ~..(1)

The subsidiary equations are:

dx dy _ dz _ dp _ dq
)

“2py  z-2qy  -az  -pa P

The last two fractions yield pdp + qdq = 0

which on integration gives

p*+q*=c? .(2)
2

In order to solve equations (1) and (2), put p2 + g% = ¢? in equation (1) so that g = ==

z

Now, substituting this value of q in equation (2), we get
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_ 72—c2y2
p=c|—>—
c c%y
Hence, dz = pdx + qdy = 5,/ (2% — c?y?)dx + ——dy
=> zdz — c?ydy = c\/z% — c?y?dx
— (1/2)d(22—c2y2)
=T

Integrating, we get the required solution as z2 = (a + cx)? + ¢2y?

= cdx

Example 2: Solve 2zx — px? — 2qxy + pq = 0.
Solution: Let F = 2zx — px? — 2qxy +pg =0

The Charpit’s auxillary equations are:

dx dy dz dp dq df
—9F ~ —0F aF dF _ OF dF _ OF oF —
- > S P-4 TP~ T
ap aq ap aq ox 0z ay 0z
dp dq dz dx dy dF
Here, =— =—

2z-2ay 0 = Px2—pq+2xyq—pq = x2—q = 2xy-p 0
~dq=0=>q=a

Substituting g = a in the given equation, we have

2zx —px? — 2axy +pa =0

p(x? —a) = 2x(z — ay)

—>p= 2x(z-ay)

x2-a

Substituting these values of p, g in dz, we have

_ 2x(z—ay)
dz = i dx + ady

dz—ady _ 2xdx

z—ay  x%-a

Integrating, we get

log(z — ay) = log(x? —a) + logh

=>z—ay=b(x?—a)

=> z = ay + b(x? — a) which is the complete integral of the given equation.
Example 3: Solve p(q®> + 1) + (b —z)q = 0.
Solution: Let F(x,y,z,p,q) =p(@?+ 1)+ (b —2)q=0

Using Charpit’s auxiliary equations,

dp dq _ dz dx dy

pq q% 3pgE+p+(b-2q ¢2+1 —z+b+2pq

(from the given equation, the third fraction reduces to dz / quz).

From the first two fractions, after integration, we get

q=ap
where a is an arbitrary constant.
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This and the given equation determine the values of p and q as:

a

p =
Substituting these values in dz = pdx + qdy, we have
dx
dz = (;+ dy)\/a(z —-b)—1
Separating the variables and integrating, we get the solution as:

2Ja(z—b)—1=x+ay+b

Example 4: Find the complete integral of the equation 2(z + xp + yq) = yp?.
Solution: F = 2(z 4+ xp + yq) —yp*> =0

The Charpit’s auxiliary equations are:
dp _ dq _ dz _ dx _ay
2p+2p _'Zq—p2+2q _'—p(Zx—Zyp)—qu —-2x+2yp -2y

Taking first and fifth ratios, we have

dp 2dy
—+==0
14 y

Integrating, we get
py*=a

Substituting p = 3% in the given equation, we get

Substituting p, q in dz = pdx + qdy, we have
a z ax a?
dz = Fdx—;dy—ﬁdyﬁ'mdy

ydx—xdy

or ydz+zdy=a( 52

a2
)+ 5y
Integrating, we get

ax  a?

b . . .
=> 7z = — — — + —is the required solution.
y2 o4yt oy

Example 5: Solve p? — y2q = y2 — x2.

Solution: Let F(x,y,2,p,q) =p?> —y?q—y*+x*>=0 ..(1)
From Charpit’s auxiliary equations be
dp dq dz dx dy
@ _ = ==== ..(2)
2x  -2qy-2y  -p(2p)-q(-q®) -2p ¥*
ino 2 — 4*
Taking == Ve get
pdp + xdx = 0 => p? + x% = a? ...(3)

Solving (1) and (2) for p and q, we get
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p= (a?—x2)"72,andq = a’y 2 —1
dz = pdx + qdy = (a? — x2) /2dx + (a?y~2 — 1)dy
Integrating, we get
2 2

z=2va? —x2 +a—sin‘1(5)—a——y+b

2 2 al y

Example 6: Solve z2 = pqgxy.

Solution: Let Charpit’s auxiliary equations be
dx _dy _ _dz dp da

qxy  pxy  2pqxy  pqy-2yz  pqx-2qz
xdp+pdx _ ydq+qdy

These give
—2pxz —-2qyz
P
al®/ d
or (/) _ dtay
px qy

Integrating, we get

logpx = log qy + log b?

=>px = qy(b?)

Solving the equations (1) and (2) for p and q, we get

p= % and g = %

Putting these values in dz = pdx + qdy, we get
m:%m+%@

or % =b % + %C;—y
Integrating, we get

1
logz = blogx+Blogy+loga

or z=ax? yl/ b is the required solution.
Example 7: Find the complete integral of g = 3p2.
Solution: The given equationis F(x,V,z,p,q) = 3p?—q =0
By Charpit’s auxiliary equations,
dp _ dq _ dz _ dx
0+p-0  0+q-0  —bp2+q bp
Wehave,dp=0=>p =a
Substituting this value in (1), we get

q = 3a?
Putting these values in dz = pdx + qdy, we get
dz = adx + 3a?dy
=> z = ax + 3a?y + b is required solution.
Example 8: Solve px + qy = pq.
Solution: Let F = px + qy — pq
By Charpit’s auxiliary equations,
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dx dy dz dp _ dq

“G-) -0 -p-m—a0-») P 4q
From the last two terms, we get

p=aq

Solving the equations (1) and (2), we get

q =%{axandp =y+ax

Putting these values in dz = pdx + qdy, we get

dz = (y + ax)dx + i (y + ax)dy

or adz = (y + ax)(dy + adx)

On integrating, we get

az = % (y + ax)? + b which is required solution.
Example 9: Solve pxy + pq + qy = yz.
Solution: Let F(x,y,z,p,q) =pxy+pq+qy —yz=10

By Charpit’s auxiliary equations,
dx dy dz _ dp _ dq

“Gytd)  —0+Y) | ey -p@+y) | py+p(-y) | px+a(=y)
From 4™ fraction, we get
dp=0orp=a
Solving (1) and (2), for p and q, we get
y(z—ax)
p=a q= W
Putting these values of p and q in dz = pdx + qdy, we get

dz = adx + Mdy
a+y

dz—adx __ v _ _a
I e  aty dy = (1 a+y) dy
On integrating, we get
log(z —ax) =y —alog(a +y) +logh
or (z—ax)(y +a)® = beY
Example 10: Solve z = p?x + ¢?%y.
Solution: Let F(x,y,z,p,q) = p*x+ ¢’y —2z=0
By Charpit’s auxiliary equations,
dx _ dy _ dz _ dp _ dq
—2px  -2qy  —2(p®x+q%y) p*-p  q*-q
p?dx+2pxdp _ q*dy+2qydy
p2x  q%

These give
On integrating, we get

logp?x = logq?y +loga

. p2x = aq?y

Solving equations (1) and (2) for p and q, we get

Differential Equations
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_ z _ az
q9= (1+a)y’ p= (1+a)x

Putting these values of p and q in dz = pdx + qdy, we get

1 1
az 2 z 2
dz = {(1+a)x} dx + {(1+a)y} dy
A @z _ g v
or Vvl+a 7= Va N + N
Integrating, we get
JA+a)z=+ax+ ﬁ + b is the required complete solution.

Exercise:

(1) Find the complete integral of the equation ¢ = z + (px)?2.

(2) Solve (p? +q?)y = qz.

(3) Solve z = px + qy + p? + q°.
Answers:

(1) xz=2Vavx+ay+b

(2) z?=a?y? + (ax + b)?

(3) z=ax+by+a*+b?

Homogeneous Linear Equations with Constant Coefficients

An equation of the form,
9%z 9%z amnz
mﬁ‘klmﬁ' +knay—n—F(x,y) ...(D)
where, kq,k;, ... ... ... ... k,, are constants is called a linear homogeneous partial differential equation of
order n with constant coefficients.

Equation (1) can be written as:

(D™ + kD™D’ + ... ..+ k,DM)z = F(x,y) ...(2)
or f(D,D")z =F(x,y)
where, D" = i, D" = i and
ax™ aymn
F(D,D") =D"™ +a, D" D' + ...........+ a,D"

Solution of the Linear Partial Differential Equation with Constant Coefficients
Equation (1) consists of two parts:
(i) Complementary function (C.F.) and
(i) Particular integral (P.I.)
(i) Method of finding C.F. for F(D,D")Z = F(x,y)

CaseI: If my,m,,...........m, are n distinct roots of the auxiliary equation of F(D,D')Z = 0, then
its complementary function (C.F.) is

z=fily+mx)+ Ly +mpx) + oo+ f(y + myx)
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When the auxiliary equation has a root m which is repeated twice 'r’ times, then its C.F. is
z=fily+mx)+ Ly + mx) + oo+ X" (y + mx)
Note: The auxiliary equation of F(D,D")Z = 0 can be obtained by taking % =morD=m,
D'=1inF(D,D") =0.

ie, AE. is f(m,1) =m"+am" ' +a,m"?+ ........+a,=0.

(ii) Finding particular integral for F(D,D')Z = F(x,y)

Case I:

Case II:

Case III:

Case IV:

Case V:

If F (x, y) in the given equation (1), is any function of x, y then

1
L= F(x,
PL= o f®y)

1
f(,p")
only and for each partial fraction use the following formula:

L _F(x,y) = [F(x,c —mx)dx

D-mp'’

and to find P.IL, resolve into partial fractions considering f(D,D’) as a function D

where c is an arbitrary constant which can be replaced by y + mx after integrable.
When F(x,y) = e®*+by

Pl = f(Dl'D,) edxtby = ﬁ eax+by provided f(a, b) # 0
Note: If f(a, b) = 0 then
1 ax+by — 1 eax+by
f(Db,D") g(D,pD"(bD-aD")"
— 1 x_r eax+by
g(a,b) r'p"
When F(x,y) = sin(ax + by) or cos(ax + by)
Pl = msin(ax + by) = msin(ax + by)
and
Pl = mcos(ax + by) = mcos(ax + by)

When F(x,y) = x™y™, where m and n are positive integers as:
y y p g

— 1 myn — D. D’ -1, m,,n

PL = ———>x™y [f(D,D)]*x™y

Now, expand [f(D,D')]™! as an infinite series in ascending powers of D or D’ using the
binomial theorem and then operate on x™y™ term by term.

When F(x,y) is a function of ax + by, that is F (x,y) = y(ax + by),

1 (n) _ 1 .
007 Y™ (ax + by) = Tab) Y(ax + by), provided F(a,b) + 0

where 1™ is the nt" derivative of 1.

Example Problems

9%z
Example 1: Solve 2 et 5

0%z 0%z
+2—

axdy a0y 0.

Solution: The given equation can be written as
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(2D? +5DD' +2D*)z =0
The auxiliary equation 2m? + 5m + 2 = 0 has the roots m = —2, _71 Hence, the complete

solution is z = fl(y — zx) + £, (y — %x)

9%z
Example 2: Solve — + 62 37y =+ 96—y2 =0.

Solution: The given equation can be written as m? + 6m + 9 = 0 has the roots m = —3,—3
and complete solution is z = f1 (y —3x) + xf,(y — 3x).

2z

Example 3: Solve 22 —

= 2y.
o2 axay — COSXCOSZy

Solution: The roots of the auxiliary equation of the given equationis m =0, 1
~CF=fi+LH+x)

and P.I. = Dz; CoS x cos 2y

1
T 2Dp2- DD’

Putting D? = 1,DD’ = —2 and D? = —1,DD’ = 2, we get

[cos(x + 2y) + cos(x — 2y)]

Pl = %cos(x +2y) — %cos(x - 2y)
Thus, the complete solution is

1 1
z=fWM+ fLly+x)+ Ecos(x +2y) — gcos(x —2y)
0%z 0%z
0x2%0y 0x0y?

Solution: The auxiliary equation of the given equation f(D,D')z = (D3 —3D2D' + 2D3)z =0
is f(m,1) = m3 — 3m? + 2m = 0 whose roots are m = 0, 1, 2.

Example 4: Solve 22 — 3 0
Xampe . OVeax3 = U.

Hence, the solution for three distinct roots of auxiliary equation
z=fily + mx) + fo(y + myx) + f3(y + m3x) becomes
z=f0)+ L0+ + f3(y +2%)

oty oty _

Example 5: Solve T oyt

Solution: Given equation is f(D,D")z = (D* — D’4)z =0
Auxiliary equation is f(m,1) = 0
=>m*—-1=0
=>m=-11+1i

Hence, the solution isz=fiy—0)+L+x)+f+ix)+ L,y —ix)
0%z giz
0xdy  0y?

Example 6: Solve — -2 = et 4 x3,
Solution: The given equation can be written in the form f(D,D")z = e**2Y + x3
where f(D,D") = D? — 2DD’' + D'*
The auxiliary equation of f(D,D")z =01is f(m,1) =m? —=2m+1=0=>m=1,1

CF.=fiy+x)+xf,(y +x)
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P.L of f(D,D")z = e**?Y + x3 is

1 1
=—————e*"  ——— %3

D2-2DD'+D"? Dz(l__)
N2
— ;ex+2y + = (1 _ _) x3
12-2.1.2+22 D
— px+2y +_[1 + 2—+ 3D—+ ...]x3

=" +— L (3 4 0) = e¥+y +—
Now, complete integral of the given equation is

5
z=fi(y +x) +xf2(y+x) +ex 42

Example 7: Solve 0%z -+ 6— = cos(2x + y).

axay
Solution: The given equatlon is f (D,D )z = cos(2x + y)
where f(D,D") = D? — 2DD’' + D'*
The auxiliary equation of f(D,D')z =0is f(m,1) =m?+m—-6=0=>m = -3,2
CF.=fi(ly —3x) + xf,(y + 2x)

1
Pl = mcos@x + y), where f(a, b)=0

1
= mm@x +5)

1
D_2D’ 243 sm(2x + y)

. ;sm(Zx +y)

The general solution of the given equation is
z=fily— 3x) + xfz(y + 2x) +§sin(2x +y)
-6 oz _ Y COS X.
axay dy?
Solution: Auxihary equatlon fm1)=m?+m—-6=0
=>(m-3)(m+2)=>m=-23
CF. = fily —2x) + f2(y + 3x)

1
PIL = m}/ CoS x

Example 8: Solve — +

= f(c +3x) cos x dx

D— 2D’

= [(c + 3x) sinx — 3 [ sinx dx]

D— 2D’

=5 2D,[ysmx+3cosx] v c+3x=y
= [[(c — 2x) sinx + 3 cos x]dx
=—(c—2x)cosx + [(—2) cosxdx + 3sinx
= —ycosx + sinx
The complete integral is
z=fi(ly —2x)+ f,(y + 3x) —ycosx + sinx
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Non-homogeneous Linear Partial Differential Equations

If in (Dn + K, D"D' + - ... + knD’n)z = F(x,y) or f(D,D")z = F(x,y), the polynomial
f(D,D") is not homogeneous, then the above equation is called a non-homogeneous linear partial
differential equation. Its complete solution consists of a complementary function and a particular
integral. The methods for finding the particular integral are same as discussed above method, and to
obtain complementary function, we factorize f(D,D") into factors of the form D — mD’ — c. Now, to
find the solution of (D — mD' — ¢)z = 0, which can be written as:

p—mq=cz ...(D)
The subsidiary equation is oy _ 2
1 -m cz

Its integrals are y + mx = a,z = be®*

Taking b = ¢p(a), we get the solution of equation (1) as z = e*¢p(y + mx). The solutions
corresponding to the various factors, when added up, give the complementary function of the non-
homogeneous linear partial differential equation.

Example Problems
Example 1: Solve (D? + 2DD' + D'? — 2D — 2D")z = sin(x + 2y).
Solution: f(D,D') = (D +D")(D + D' - 2).
The solution corresponding to the factor D —mD' — ¢ is
z = e Pp(y + mx)
“CFE=¢:(y —x) +e*¢p(y — x)
1 .
and P.I. = —— g —— sin(x + 2y)
1

T Tle2(-2)+(-4)-2D-2D sin(x + 2y)

1 .

= 2(D+—D,)+951n(x + 2y)
2(D+D")-9

" 4(D2+2DD'+D?)-81
2(D+D")-9

T a[-1+42(-2)-4]-

= 1—17{2[cos(x + 2y) + 2 cos(x + 2y)] — 9sin(x + 2y)}

sin(x + 2y)

” sin(x + 2y)

= % [2 cos(x + 2y) — 3 sin(x + 2y)]
Thus, the complete solution is

z=¢;(y —x) +e*p,(y —x) + % [2 cos(x + 2y) — 3 sin(x + 2y)]

Rules to Find Complementary Function in Case of Non-homogeneous Linear Partial Differential
Equation

RuleI: If D —m,D'—c¢;,,D —myD’' — ¢y, .. ceoen..., D —m, D' — ¢, are n distinct linear factors of
f(D,D"), then its corresponding C.F. of f(D,D")z = F(x,y) is given by:
CFE=efi(y +mx) + e f,(y + myx) + oo ceo .. + e f . (y + myx)

Rule IT: If D —mD’ — ¢ is a linear factor of f(D,D'), which is repeated k times, then its
corresponding C.F. of f(D,D")z = F(x,y) is

CF=e“fi(y + mx) + xe“fo(y + mx) + ..o ..+ 572 fi (y + mx)
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Rule III:If f(D,D’) cannot be resolved into linear factors in D and D', then the equation cannot be
integrated by above methods. Hence, in a trial method, we take the solution corresponding to
non-resolved factors as z = Y, Ae™ kY and substitute it in corresponding factors equation to

Example 5: Solve

get the values of h, k.

Note: For f(D,D')z = e®*bYy where V is a function of x and y then

1
Pl =
f(.p")

— eax+by . ; .
f(D+a,D'+b)

Example 2: Solve (D2D’ — 2DD'? + 3DD")z = 0.

ax+byV

Solution: Given equation can be written as DD'(D — 2D’ —3)z =0

The factors of f(D,D") are (D — 0D’ —0),(D' —0.D —0),(D —2D" — 3)

~ The complete solution is
z=e"fi(y) + e f,(x) + e3*f3(y + 2x)
=>z=fi(y) +f2(x) + e fs(y + 2x)

Example 3: Solve (D — 2D’ — 1)(D — 2D'* —1)z = 0.

Solution: The C.F. corresponding to the linear factor D — 2D' — 1is z = e*f; (y + 2x)

Since (D —2D"% — 1) cannot be resolved into product of linear factors, we take its
corresponding C.F. as z = Y Ae™*k¥ and substituting in (D — 2D'*> —1)z = 0, we get

(h—2K?*—1)Y Ae™* Y =0orh =2k* +1

Hence, its corresponding C.F. is z = Y, Ae @k’ +Dx+ky

-~ The complete solution of the given equation is

z=e¥f,(y + 2x) + X Aeky+@k*+1)x
0%z 0z 0z
dxdy dx 0y

Example 4: Solve

Solution: The given equation can be written symbolically,

(DD"+D—-D"—1)z=xy
or (D—1)(D' +1)z=xy
CF.=e*fi(y) +e™7fo(x)

PL= mxy =—(D-1DD + 1) xy
=—(A+D+D*+ ) (1=D"+D" +
=—A+D+D?*+ ... ...)(xy —x)
=—xy+tx—y+1

Now, the complete solution is given by:

z=e*fiy)te VL) —xy+x—y+1

20%z 9%z 30z
e + 5 oy 3cos(3x — 2y)

xy

Solution: Here, f(D,D') = 2DD' + D'* —3D’ = (2D + D' —3)D’

Differential Equations
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Now, (2D + D' —3)z = 0 givesus 2p + q = 3z
The subsidiary equations are:

a _dy _az

2 1 3z

Solving I and II fractions, we have
2y—x=a

Solving II and III fractions, we have

logz = 3y + logh => z = be3”

Taking b = ¢p(a) we have

z=e3¢p(2y — x)

Now, taking the other factor D', we have,

’ a
Dz=0=>£=0=>z=f1(x)

CF.=filx) +e*f,2y — x)
1
P.L —30'3 cos(3x — 2y)

" 2pp'+D"*-

1
= m 3 COS(3X - Zy)
__3(8+3D") _
i~ cos(3x — 2y)

4
=3 [8 cos(3x—2y)+6sin(3x—-2y)
- 64—9[—4]

= %cos(3x —-2y)+ %sin(Bx —2y)
-~ The general solution of the given equation is
z=fi(x)+e¥f,Q2y —x) + %cos(3x —-2y)+ %sin(Bx - 2y)
Example 6: Solve (D — 3D’ — 2)?z = 2e* tan(y + 3x).
Solution: The given equation is (D — 3D’ — 2)%z = 2e¢2* tan(y + 3x)
Here, D — 3D’ — 2 is twice repeated factor of f(D,D")

Hence, the C.F. = e?*f, (y + 3x) + xe?* f,(y + 3x)

- 1 2x
Pl = o302 2e“* tan(y + 3x)

1
— Zer . ax+by . V= eax+by .

f(.0") f(D+a,D’+b)

tan(y + 3x) [ V]

1
(D+2-3D"-2)2
1
(D-3D")?

Here, f(a,b) = [3—3(1)?] =0

Hence using the formula,

Y(ax + by) =

= 2e%* .

tan(y + 3x)

xn
b"n!

1
(bD—aD")™

We get

Y(ax + by)

2
P.I = 2e?* -%tan(y + 3x)
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= x%e?* tan(y + 3x)
Now, the complete solution of the given equation is
z=e?fi(y + 3x) + xe?* f,(y + 3x) + x?e** tan(y + 3x)

9%z %z | 9%z .
Example 7: Solve a2 29y + 3,z = Sinx.
Solution: The given equation is (D2 —2DD' + D’Z)z = sinx (D

AE ism?-2m+1=0=>m-1)?2=0=>m=1,1
~CF=fy+x)+xf5(y+x)

Pl.=———sinx
p2—2pD'+D'?

= msinx
= —sinx
~ The general solution is
z=fi(y+x)+xf,(y +x) —sinx
Exercise:
(1) Solve (D? —2DD' +D'?) = (y — 1)e*.
(2) Solve (D? + D'?)z = x?y2.
(3) Solve (2D? — 5DD’ + 2D'?)z = 5sin(2x + y).
Answers:
() z=fA0 %)+ fo(y +2x) +ye*
@) z=A0+00)+ A0 - i) +ilL0+ i) - O+ 0] + 7 (15x*y? — x°)

B) z=fiy+2x)+ L2y +x) —?xcos(y + 2x)

Separation of Variables

Consider a partial differential equation of the form

9%z 9%z 9%z 9z 0z
A—+B — = ( ) ,Z,—,—) (1
Pyeh 920y + Cay2 XY 45 gy (1)

where, A,B and C are continuous functions of x and y, the derivatives are also continuous and

F denotes a polynomial function of x, y, z, z—i and 3_32,'

Equation (1) is called hyperbolic if B2 — 4AC > 0.

Parabolic if B> — 4AC = 0, elliptic if B> — 4AC < 0.

However, whether an equation is parabolic, ecliptic or hyperbolic, depends upon the values of
A,B and C in (1).

2 2
Thus, the equation % + xg—yz + Z—; = 0 is elliptic, when x > 0 and is hyperbolic when x < 0.
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Partial differential equations of the second order are of great importance in physical problems.
The differential equation which satisfies certain conditions at the boundary points is known as
boundary value problem. The method used in finding the solutions of boundary value problems
involving partial differential equation is known as “separation of variables”.

Method of Separation of Variables

Separation of variables is a powerful technique to solve partial differential equation. In this
method, we assume the required solution of the given partial differential equation as:

z=Xx)-Y(y) (D

where, X(x) is a function of x alone and Y (y) is a function of y alone. Now, substituting z and its
partial derivatives in the given partial differential equation, it reduces to the form:

fXLXL X ) =gy Y ) ...(2)
which is separable in X and Y.
-« The L.H.S. of the equation (2) is a function of X alone and R.H.S. of the equation (2) is a

function of Y alone, then each side of (2) must be a constant say k. The equation (2) reduces to the
ordinary differential equation,

f&XX, X" )=k ...(3)
and g(Y,Y Y. ....)=k .4

Now, the complete solution of the given partial differential equation is the product of the
solutions of the equations (3) and (4).

Example Problems

9%z z | 0z
Example 1: Solve Py 2 T 3 0.

Solution: We assume the solution of the given equation in the form z = X (x).Y (y)
where, X is a function of x alone and Y is a function of y alone.

Now from Z, we get
02 _ gy 02 _

ox " 9x2

X"y, g—; = XY’

Substituting these values in the given differential equation, we get
X'"Y =2X'Y+XY' =0

where, X' = z—i andY' = z—; and X" = %
Separating the variables in the above equation, we get

XII_ZXI _ _yl

~ =5 = k(say)
or X" =2X'—kX=0and Y +kY =0
Auxiliary equation of the above equations are m? —2m —k =0andm' + k =0
2+Va+4k
2

=1++v1+k and m' = —k

The solutions of the above equations are:
X = Cle(1+\/1+k)x + Cze(l—\/1+k)x and Y = C3e—ky
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Now, the solution of the given differential equation is:

z=X(x)-Y(y) = [Cle(1+\/1+k)x + Cze(l—\/1+k)x] cse™ky
_ [ble(1+\/1+k)x + bze(l—\/1+k)x] e—ky

Example 2: Solve 3 Z—i +2 Z—; = 0 with z(x, 0) = 4e~*.
Solution: Assume the solution of the given equation as
0z ’ a_z ’
z=Xx) Yy => P X Y’ayXY
Substituting z, Z—i,g—; in the given equation, we get
3X'Y+2XY'=0

x' -2y’
or 5= 3_y = k(say)

Solving X' — kX = 0 and 2Y' + 3kY = 0, we get
-3
X(x) = ce® and Y = c,ez ™

Now, the solution of the given equation is:

z=X(@) - Y() = crek* - e~k = ces 2x39)
Given that z(x,0) = 4e™*
=> cef* = 4e7*
=>c=4k=-1
Now, the required particular solution is:
z = 4de 12(2x=3)
Example 3: Solve % + 4:—; = 0.
Solution: We assume the solution of the form
z=Xx) -Y(ly) (D
where, X is a function of x alone and Y is a function of y alone.
From equation (1), the given equation reduced to:

X"Y'+4Y"X =0 ...(2)
where, X' = d—X, " =% et
dx dy
Equation (2) can be written as:
X" —ay”
X v

Here, X ”/ x- 1s a function of x, does not change when y alone changes and —4 Y”/Y does

not change when x alone changes. Hence, the two ratios will be equal only when both are
equalto the same constant k, i.e., when,

X" =kX,—4Y" = kY ...(3)
The solutions of these ordinary differential equations (3) for k > 0 are:

X = aleﬁ" + aze‘ﬁx
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Y = a;sin G\/Ey) + a4 cos G\/Ey) ...(4)

Now, equations (1) and (4) satisfy the given equation for any value of k. Hence, in
accordance with the principle of adding of solutions of linear equations, the solution of the
given equation can be written as:

z=Y XY =2k {eﬁ" [ak sin G\/Ey) + by, cos G\/l;y)] + e Vix [04 sin G\/Ey) +

1
d, cos (3vky) |} (5
where, k may take the values of any finite set of positive numbers. If k takes the values
Ki,K; ... ... ... ..., then equation (5), involving an infinite series, is a valid solution within its

region of absolute convergence.

If k is negative, the sin-cosine part of the solution would go with X and the exponantal part
with Y, when k = 0, we have,

X=cx+c,Y =c3y+cy

Exercise:

3%z oz
(1) Solve E—a— 0

a a
(2) Solve 2x£ =3y 5

Answers:

() z= (Aewz" +Be‘ﬁx) g2kx

k k
2) z=Axz-ys3

Practical Question Bank with Answers

(1) Form the partial differential equations, by eliminating the arbitrary constants from z=
(x* + a)(y? + b).
Solution: Given equationis Z = (x? + a)(y? + b) ~..(1)
Differentiating equation (1) with respect to x, we get
z—i =2x(y*+b)
= 2x(y?+b)

p
2 _ (y2+b) )

Differentiating equation (1) with respect to y, we get

9z _ 2

oy = 2y(x* +a)

q =2y(x*+a)

a _ .2

Zy—(x +a) ...(3)

From (2) and (3), we get
=4.2
- 2x 2y
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4xyz = pq
which is the required differential equation.

(2) Find the differential equations of all planes which are at a constant distance r from the origin.

Solution: Equation of all the planar which are at a constant distance r from origin is
ax+by+cz=r
witha? +b? +c? =1
From (2), we get

c=+V1—a?-— b2

Differentiating (1) partially with respect to x, we get
0z 0z -a

atc =0 ( ﬁ_p_T)’ a+cp=0

a=—pc

Differentiating (1) partially with respect to y, we get
0z 0z -b

b+c£—0 (a—q—T),b+cq—0

b =—qc

Substituting a and b in (2), we get
pc? + q*ct+c? =1

L TrE Al

From (1), we have
T a

z= X 2
T ¢ cy

From (3), (4) and (5), we have

z=px+qy+r{p?*+q*+1.

(3) Form the partial differential equation by eliminating the arbitrary functions

F(x?+y?%z—xy)=0.
Solution: Given ¢(x? + y2,z—xy) =0
Letu = x? + y%,v = z — xy so that the given relation is:
F(u,v) =0
Differentiating (1) with respect to x and y, we get
2 +2Lp-y=0
L +2Lq-0=0
Eliminating Z—‘Z and Z—f from (2) and (3), we get
2x p-—y
2y q—x
2x(q —x) —2y(p—y) =0
gx—x*—py+y*=0

=0

(D
.2

..(3)

(@)

..(5)

from

(D

)
..3)
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—py +qx =x* —y*
py —qx =y* — X
which is required partial differential equation.

(4) Solve x%(z — y)p + y2(x — 2)q = z%(y — x).

Solution: Given equation can be written as x2(z — y)p + y2(x — z)q = z%(y — x)

dx _ dy _ dz
x2(z-y)  y*(x-z) z*(y—x)
dx dy dz

or x%(y-2z) - y2(z—x) - z2(x-y)

1 1 1
—dx +y—2dy +z—2dZ

Each fraction = £ 5

ldx+ldy+ldz
x y z

and also =
1 1 1 1 1 1
. ;dx +de+z—2dz =0 and ;dx +3—/dy +;dZ =0
On integration, we get
§+§+§ =¢; and logx +logy +logz = logc,
. 1 1 1
ie., ;+3—/+; =c¢; and xyz = ¢,
. . . 1 1 1
Hence, the required solution is F (— +-+4+- xyz) =0.
x y z

(5) Solve x(z2 —y®)p + y(x? — z?)q = z(y? — x?).
Solution: The subsidiary equations are:

dx _ dy _ dz
x(z2-y?) ~ y(x2-z2)  z(y?-x?)

Using multipliers x, y, z, we get

xdx+ydy+zdz _ xdx+ydy+zdz
x2(z2-y)+y?(x2-z2)+22 (y2-x?) 0
=>xdx +ydy+zdz=20

On integration, we get

Each fraction =

x2+y*+z22=¢

dx ay dz
Again / L = Iy _ s

> z2—y x2—z2 y2—x2
3 (dx/x)+(dy /y)+(dz/z) 3 (dx/x)+(dy /y)+(dz/z)
T z2-y2ix2_z24y2_x2 0

& B )
x y z
On integration, we get
logx +logy +logz = logc,
=> log(xyz) =logc, => xyz = c,
= The given solution is xyz = f(x? + y? + z?2)

239
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(6

(7

®

Solve z(p? — q?) = x — y.

Solution: The given equation can be written as:

(72 (72) =

ox ay
Taking Vzdz =dZ, ie., 7 = 223/2, we get

(5 -(3) =x-

=>P2-Q*=x-1y, whereP=Z—i,Q—a—Z

=%
=>P2—x=Q%—y
Let P2 —x = Q2 —y = a that
P=+a+xQ=.a+y

Then the complete solution is:

z=[va+xdx+ [ /y+ady+b

_ (a+x)3/2 + (y+a)3/2
3/, 3/,

or z/2 = (x + a)3/2 + (y+ a)3/2 +c
Solve z = px + qy + p?q>.

+b

Putting p = a,q = b in the given equation, we get the complete solution.

ie, z=ax+ by + a?b?
Solve z2 = pqxy.
Solution: Let Charpit’s auxiliary equations,

dx _ dy dz dp dq

axy  pxy  2pqxy  pqy-2yz  pqx-2qz
xdp+pdx _ ydq+qdy

These give
—2pxz —-2qyz
P
al®/ d
or (/) _ dtay
px qy

Integrating, we get
logpx = log qy + log b?
=> px = qy(b?)

Solving the equations (1) and (2) for p and q, we get

p= % and q = %

Putting these values in dz = pdx + qdy, we get
m:%m+%@

or % =b % + %C;—y

Integrating, we get

Differential Equations

(D

.2
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®

logz = blogx+%logy+loga

or z=ax? yl/ b is the required solution.

Solve z2(p? + q*) = x? + y2.

Solution: Given z2(p? + q2) = x% + y? ~..(1)
Let z = %z =>dZ =zdz
== () - () -
ot = o = (:5) = (3 - 0
Substituting in (1), we get
=>P2+Q*=x?>+y?=>P?—x?*=a%Q*—-y*=a?
=>P =+vVaZ+x2,Q =/a? + y2
Now, dz = Pdx + Qdy
dz = (Va? + x2)dx + (Ja? + y2)dy

Integrating, we get

xwaZ+x?Z | a? . . _1x  yJa*+y?  a?
z= +—sinh 1= 4+ 22— + —
2 2 a 2 2

sinh=12+ b
a
~ General solution is
2 _ 2 2 2 cinh-1% 2 2 2 cinh—1Y
z* = xva? + x? + a*sinh a+y\/a + y% + a®sinh a+b

where a and b are arbitrary constants.

(10) Solve r +s — 6t = cos(2x + y).

Solution: Given partial differential equation is (sz + DDy, — 6Dy)zz = cos(2x +y)
The auxiliary equation is (by replacing D, with ‘m’ and by with 1)
m>+m—-6=0
=>m=2,-3
Complimentary function z, = ¢, (y + 2x) + ¢, (y — 3x)

Particular integration z, = 700,60 cos(2x +y)

Replace D,* by —a?; D,,* by —b?, D, D,, with - ab
Here,a =2,b=1

1
Z, = _4_—2+6cos(2x + )

Rewriting f (D, Dy) as (D, — 2D,)(D, + 3D,)
1
(Dx+3Dy)(Dyx—2Dy)

= (Dx+13Dy) [ cos(2x +y)

L [cosc (let2x +y =c¢)

Dy+3D,

Let, z, = cos(2x + y)
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1 1
cosc [ 1dx = X oS ¢

= Dy+3D,, Dy+3Dy,
1
Zp = Dy+3D,
Let y=c+3x
=>z, = [xcos(5x + ¢) dx
_ xsin(5x+c) _ f sin(5x+c) dx

x cos(2x + y)

5 5
__ xsin(5x+c) + cos(5x+c)
- 5 25
LC=y - 3x

xsin(2x+y) . cos(2x+y)
=>2z, = +
5 25

Differential Equations



